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Pedagogy of Mathematics

— Hriday Kant Dewan

Beforewe begin certain i ssues entwined with theword " Pedagogy" need to be pointed out and elaborated. Thiswordiscommonly used asaconvenient hold all
but because of thisand in some contextsingpiteof thisit still can not be completely discussed by itself. to exploreitsimplications someother key el ementsneedto be
specified.

Can pedagogy stand by itself?

Thefirst pre-requisiteisthe need to know the discipline being considered well. We need to know what it containsand its nature. thismeansto thinik about
pedagogy of Mathematicsis, what it includes, how it functions and then go to other questions. Thefirst level answer towhat it containsis: aritmetic andits
generaization (i.e. gebra), geometry, statistics, anaysisof number system and other such categories. It can be described asabstracting, organizing and generalizing
of human experiencerelated to quantity, shapeand their transformation. Subsequently it becomesthe basi ¢ languagefor building abstract and general ideasinal
disciplines. Knowledge and constructsin Mathematics have gonefar beyond theinitial need of the human society for quantification, measurement and spatial
visualization. Asan abstract language, it linksideasand conceptsin different domains. Asit hasgrown, it has also sought to nurture commonalities acrossdifferent
domainsof human experience.

The second pre-requisiteisthe need to articul ate within Mathematicswhat we going to transact. Themanner in which tablescan bememorizedisdifferent from
theway in which students can be hel ped to understand how to solve word problems or understand theideaof avariable. Pedagogy isnot an epistemic category and
cannot help you choosewhat you want to transact even though it may relate to and even be governed by these choices sometimesand viceverse. Thisrelationship,
whereit can be seen, isstriking and crucial. For example, you can not help children rotelearn tablesin aso-called constructivist manner nor have children explore
open ended patternsin aclassica behaviorist framework.

How do we construct what is to be transacted? "The Mathematics syllabus for the
Themuiltifaceted linkages of mathematicsand itsabstract nature prompt the NCF to suggest mathematization of |€lementary classes has to revolve around
child'sunderstanding asakey goa for Mathematicsteaching. understanding and using numbersand the

system of numbers, understanding com-
parisons and quantifying them, under-
standing shapes and spatial relations,
handling data etc.

Thismeansthere needsto be an attempt to hel p the child abstract logically formul ated general arguments, go
into organizing her experiencesdeeply and equip the child to transend individual eventsand chance occurences. Ina
sensemovetowardsamoregeneral and rational view point. The Mathematics syllabusfor the elementary classes
hasto revolve around understanding and using numbersand the system of numbers, understanding comparisonsand




quantifying them, understanding shapesand apatial relations, handlind dataetc. In order to understand what aspects of these we need to transact and how wewould
transact it, the areaaof Mathematics needsto be understood in awider perspective. We need to have abroad picture and the entire scopein our minds. Thiswould
then need to be narrowed to the classroom and specific choices. For clarity onthesewewould require astatement in our mind about the reason for these choices.

The capability of solving problems can be considered in manyh ways. Onevery obviousway isto get the child to amost copy solutions. The problemsgiven
follow theexamples. Thereare no other types of questionsleavea onefinding waysto addressthem. A good problem solving task requiresbeing ableto locate and
find avariety of clueswithinthe problem, find theformulation to solveit and then fulfill the steps. The expectation isdevel opment of theability to solvejust onekind
of probleminthesameway. Theway Mathisdescribed hereisnot asystem of handling operations but rather the ability to construct and understand algorithms.

Thislogically leadsusto the other question "Why do weteach Mathematics?' If childrenfall tolearnto abstract and are not ableto follow thelogic, doweredly
need to teach these aspects of the subject to them?Isthereacultura biasto Mathematicsor can there even beagenetic biasthat impliesonly somechildren canlearn
it?Isabstractionin Mathematics, Science, Philosophy, other subjectsincluding History and Music anon-univerrsal ability? Or isther someting peculiar about
abstraction in Mathematics? We can all enjoy therhythm of abeat but to appreciate what isknown asclassical music or classical dancerequiresan experience or
Stuationsthat do not appear to beuniversally available. Isthe ability to generaizeand play with numebrsand spacesmilar?

Inthissituation what then should congtitute the universal elementary or secondary school curriculum?What isit that we can expect and want al childrentolearn
suchthat they do not end up thinking of themselves or being described asincapabl e€? The question asked can be, isit not sufficient for them to know counting numebrs
and operations on them and abit of decimal fractionsand commonly used fractional numbers? Do we need to insist on making Math abstract and apparently so
complex that many cannot follow it?1sthefact that children do not understand acertain kind of Math and areterrorized by it, aresult of theway it istaught or isit due
tothekind of content covered?|sterror the nature of the subject itself? So thereisacomplex interplay bewteen the questions - What isMathematics?And what area
of Mathematicsisneeded and can betransacted in e ementary classes? | nthisweneed to also consider whether al of it need to beuniversally learnt at thisstage. We
haveto spell out (a) why isit needed for that age group, that backgound andin that historical context for childrenand (b) canit belearnt by studentsof that backgound
at that stage given the circumstances of schools and teachers. The choices made need to be ableto go through thesefilters. It isobviousthat it isneither easy to
construct thesefillerswith comprehensiveinformation and argumentsand nor isit easy to reach aconsensuson implementing and discussing them giventhe hiatus
these abilitiesseemto providein the social and economic statusaccessibiligy.

Asisevident from above content, ‘what ispedagogy ? isdifficult to addresson itsown. Itsscope and conceernsare not articul ated very precisely and thereis
not enough consensuson how it may bedefined. Thereis, however, acommon sense understanding that guidestheway it isused generdly.

What is Pedagogy?

Pedagogy isbroadly used toimply theway asubject will betransacted. Described thusthereare many obvious components of theword pedagogy. They include
classroom transaction and process, nature and type of teaching-learning materias, assessment system, teacher student relationship, the nature of student engagement,
the classroom arrangement etc. Thisisof courseinfluenced by (and for some peopleincludes) the chosen set of content, information, skillsand conceptsto be
transacted and acquired. Pedagogy needsto worry about theinclusino of al thelearnersin thelearning engagment. Thisimpliesthe need for an awarenessand
sengtivity towardsdiversity and aconcern about choicesand context inthe syllabus. If you carefully consider the mainfestations of pedagogy in the classroom, then
weknow that it isalso concerned with the way teachers are prepared, how they are dealt with administratively, the school building, the classroom, the social,
economic and political undercurrentsexisting dueto the diversity inthe classroom and among teachers. Theremay also be other systemic and contextual aspectsthat
may influence how transaction takes place. Thisthen becomesaredly extended set.




Wewould here, limit oursalvesto some of theaspects. Intheseafew of the clearly discernible aspects mentioned abovewill bereiterated asissuesthat criticaly
influence pedagogic cons deration. Theseinclude:

a) Aimsof teaching Math.

b) Nature of Mathematicsand itskey principles.
¢) Theteacher and her perspective.

d) How childrenlearn Mathematics.

€) Theattitudetothesubjectinsociety.

Thiswill hel p usderive specific expectationsand purposesfor different classand age groups. Thisiswhat consitutesthe syllabus. Thefirst two componentshave
to beinformed by the so-called subject, itsnature, purposefor human society and for the studentsfor whom the transaction programisbeing devel oped. One hasto
keep in mind the person who isgoing to transact thelearning so asto understand what the aims, expectationsand learner backgoundsdemand from her. Thethirdis:
Isthereany specific understanding that we need about how thissubjectislearnt? Thiswill help usconstruct classroomsthat aid learning. Thefourthisthe prevalent
attitude in society about Math-beit teaches, studentsor parents. All these contribute critically to the pedagogy of the subject.

Teaching Mathematics : Some Approaches

Discussing teaching-learning of any subject requiresabas c understanding of now childrenlearn. That should formthebasisof our program particularly if each
different component of the subject hasacharacter that givesaspecific tingeto itslearning. The experience of these componentsfor aparticular child and the nature
of the expectationsfrom her can also be very different in comparison to the other children. For many years, Mathematicslearning, likeall other learning was
considered to belinear and through repeated practice. Whatever wasto belearnt had to be broken up into small componentsand givento childrento practicebit by
bit. TheMLL (Minimum Learning Level) wasacrucia example of thisapproach. Inthisthe pedagogy was claimed to be competence directed.

Thereisalso an expectation from thetext book and other materialsthat for each small element termed as'competency’, therewoul d be one page or one section
entirely devoted toit. It was expected that once the child has gone through this she woul d automatically and surely have devel oped that oncethe child hasgone
through thisshewoul d automatically and surely have devel oped that part of the competency and needsnow to go ontolearnthenext part. The MLL document itself
used theword competency in many different ways. It wasused |oosely to describeinformation recall, procedurefollowing, applying formulaand in some cases
conceptsand problem solving aswell. Asaresult of this, itisnot clear how the word competency inthe ML L document should be unpacked. The on-ground
discourse on competency has also not moved forward. In this case Mathematics given itsanalyzed in the same framework and conceptualized asbit by bit and
through practice of proceduresand remembering facts.

Another element that pedagogy iscrucialy dependent onisthe presentation of theteaching learning material (workbook and text book) and what it expectsthe
child to do and how it suggeststhe class be organized and assessment made. Thematerial needsto be clear onwhom it isaddressed to and thereforewhat it should
contain. If themateria isfor the child thenit hasto have approapriate spaces, font size, suitableillustrations designed for children and appropriate language.

Thetextbooksand Mathematics classroomsbeforethe advent of ML L and after theadvent of MLL have remained essentialy smilar dueto thefact that students
aredtill being asked to practice algorithms and learn to numerate quickly. Articul ation by the child, inclusion of thelanguage of the child and alowing thechildto




exploreand create new gpproachesto engagewith mathematic Situationsare still not expected and not even accepted in materials. They follow the" consider thegiven
solved exampleand do somemore”, approach to Mathematicslearning. Wemay al so point out that the mention of aspecific competency to be acquired meant the
earlier mixed exercisesthat at | east exerted themind of thechildin someway, also got limited to practicising just oneoption. It wasat thistimerecognition for design,
needfor illustrationsand color in the booksemerged so at | east the bookswere different. The principlesinforming theillustrations, design and other aspectshowever
did not includethe need to create spacefor the child to actively engage her mind.

In the absence of clear articulation, word competency was focused on explanation and telling short-cuts and facts. The key words'learning by doing' and
‘competency’, in the context of Mathematics wereinadequately explored and insufficiently addressed. Addition was amere operation and acquiring it wasthe
capability of adding singledigit, 2 and moredigit numberswith no carry over and then with carry over ascolumsadditions. Inthsquest to make Math adoing subject,
competency based fractional numbers became definitionsand operations. Theitemized view of Mathematical ideasimplied the narrowing of spacefor thechildto
formulateand articul ate her ownideasandlogic.

Two views on how to teach Mathematics

Inanalyzing how Mathematicsistaught there aretwo contrasting viewsunder which programs can be classified. We see classrooms constructed asacombina
tion of thesein some proportion. Oneview isthat if you have students practicealot of sumsusing algorithmsand shortcuts, they eventually start understanding how
thea gorithm worksand may get asense of why it works. In any casethey learn the stepsclearly and areableto useit in any context. The nature of questionswould,
however, bevaried.

Theother view isthat |earning Mathemati csisabout devel oping an understanding of how the subject isconstructed, itsbas ¢ e ementsand working out thelogical
stepsthat |ead to the algorithm and short-cutsin some areas. The child hereis expected to be able to devel op multiple strategiesfor problemsand al so usethe
agorithmsif shefindsit appropriate. The argument would not bethat thisisthe best algorithm and hasto belearnt by everyone but chooseif appropriate. Students
can aso know, discover and discussthe nature of shortcutsand apply themiif they sodesire.

Therearemany examplesgivenfor theneed for having childrenlearn morethan just agorithms. Thesmplest isaddition of two digit numbersand theevidence
that every often children introduced to these mechanically, end up viewing them as adding two independent one digit numbers placed in different columns.

Thereisalso alack of appreciation of thefact that when we multiply any number by a2 or 3 digit number, the product from the'tens digitisnot placed directly
under the product from the unit place number. It isshifted by putting acrossunder the units place. For example:

17
X 23
ol
34X
wearenot alwaysasked to seek areason for the shift. Therearesimilar examplesfrom division aswell.

Some people argue that the concepts of carry over or borrowing require an understanding of place value and therefore, unlesswe have children develop
reasonabl e capability in plece va uethey will not be ableto do additions and subtractoinsthat require such steps. The essential point hereisthat thefocusisonlearning




thestructure of the subject and the concepts. Oncethat happensthe applicationswould gradually belearnt by the students. Soin thesewhilethe eventual goalsmay
be agreed upon, the approach isstrikingly different.

Concrete to abstract : What does it mean?

Another aspect of pedagogy isrelated to therole and nature of materialsin the classroom. We generally believethat abstract conceptsare acquired through a
process of creating, experiencing and analyzing concrete situations. There has been an increasing stress on putting in more and more concrete materialsinthe
Mathematics classrooms. Theideaof so-called Math bad has been supported and advocated widely. Thefeelingisthat children understand conceptsthrough the
experiencesin Mathematicslaboratory. Thisneedsto be considered carefully.

Itisevident that theideaof using concrete material sand contextsfor helping children learnisimportant. These serveasatemporary mode to represent abstract
concepts For example 5 stonesareaconcrete mode for 5and so 5 chairs. A triangle asit can portray somekey propertiesof thetriangle. It must be recognized that
these artifactsdo not fully represent the conceptsof 5 or thetriangle. They are only scaffoldsfor usto communicate what theseterms mean intheinitial stages.
Gradually learnershaveto move away from these concrete scaffoldsand be able to deal with mathematical entitiesasabstract ideasthat do not lend themselvesto
concrete representations.

A quadrilateral isclosed figure bounded by 4 straight lines. A lineisaone dimens oninfinite string that has no thickness. The point isthat an actua lineand hence
aquadrilateral cannot be represented by even adrawing on the board |eave al one by aconcrete representation. So whileit isimportant to begin with concrete
experiences, gradualy the child must articulate using her own language and move on. Mathemati cs goi ng through the stage of using picturesand thentally marksetc.
hastotranst to symbols. Thisisan essentia component of learning to do Math. Teh learning of Mathemeaticshasto culminatein being ableto deal with mathematical
ideas on their own without any scaffolds. Therefore, when we advocate the Math laboratory for senior school sthereisboth apedagogic aswell asan epistemic
question about whether thisisthe appropriate direction to proceedin.

Theideaof |aboratory in Scieneisto havethe students explore some phonomena. Shewould make observationsrelated toit and then based on the observations
attempt to deduce somekind of causal connections. Utilizing many such experimentsand datafrom earlier experiences, the student can be checked by further
experimentation. The epistemol ogica touch stonefor ideasin Science can bearguably experimental observationsand validations. Thisunfortunately isnot truefor
Mathematicsand therefore using the Math | ab to have children deduce or prove mathematical statementsby measurements or through models, isan epistemic and
also apedagogic error. The attempt at this stage hasto beto enablethe child to deal with abstract idess.

Unliketherich experience of languagethat the child comesto school with, ideas of Mathematicsare not sorichly experiencebased. All childrenareableto dedl
with numbersand arithmetic that they needin daily life. They are also ableto organi ze the space around them and carry out spatia transformation to the extent they
need. Thisknowledgeisprofound and complex. It showstheinnate capability of the child to acquiretheseideas. All childreninany society areableto deal with these
ideas. The problem comeswhien weattempt to transact M athemati cs and want them to de-contextualize and arithmetic that they needindaily life. They aredso able
to organize the space around them and carry out spatial transformation to the extent they need. Thisknowledgeis profound and complex. It showstheinnate
capability of the chhild to acquiretheseideas. All childrenin any society are ableto deal with theseideas. The problem comes when we attempt to transact
M athematicsand want them to de-contextualize and abstract the number, shapestransformation, operationsand why all thesework. Thedisciplineof Mthisto be
abletotalk aout abstractionsand how rel ations between abstract quantities can be understood and devel oped. Inthe primary classes Socia Scienceand Scienceare
alsolargely experience based and thereisrecognition that abstract concepts should not beimposed at thisstage. Eveninthe upper primary classesitispossibleto




make Science repl ete with concrete experiences and use the available experiences of the child aswell asthe experiences provided in the classroom to help her
construct aframework of concepts. Mathematicsdoesnot alow thiseasily.

A lot of Mathemati cs pedagogy depends upon how the teacher engageswith children. The classroom atmosphere hasto be such that children can participate,
articulatetheir ideas, make mistakes and talk about them without fear. Such an Mathematics. Thereisno onemethod or onetechniquethat we can recommend for
teacherstofollow. Shehasto follow the classroom and create processesthat facilitate engagement and dial ogue that move forward gradual ly but can asoreturnto
anearlier point and develop againin adifferent way. The key aspect of Math classroom hasto bethe recognitin that chidiren will develop mathematical ideasand
conceptsthough assmilation with their own previousideas and experiencesand modify them inthe process of interactions. Each of usdevel op our ownway of solving
problems. It may requireexposureto alot of a gorithm and methods but with an opennessto creste and examinemore. They should beableto absorb availableideas
and accommodatethemin their conceptua framework. The model sthat anyone of ususe or theartifactsastudent constructs can help her understand the problem and
develop astrategy but would not help everyone. They will bedifferent for each of us.

You cannot help aperson learn Mathematicsby giving her short-cutsor imposing on her your way of solving problem. Your way may appear very smple, negt
and el egant to you but that may not be so for her. We categorize and useideasin our own ways and use stepsthat we can think of . It isdoubly difficult task to
understand the problem and then a so discover the underlyinglogic of the processyou have used to construct the sol ution. Mathematicswill belearnt when the student
will develop her own strategy, usethe conceptsand thea gorithmintheway shewants. Thisclearly impliesthat chilfen must havethe opportunity to dolotsof problems
and solvethemin many different ways.

Wemust exposethelearner to these different varietiesand devel op not only the capacity to construct their own answer but aso look and attempt to analyze and
comprehend somebody else'sanswers. They need to be unafraid of making mistakesand confident of articulating their understanding. Theimplicationsinthe
classroomsarethat children will work on their own, in groups make presentations on the sol utions they have found and construct new problemsaswell asnew
generalizations. The classroom hasto be such that the childisinvolved and engaged at each moment.

Therehasbeen alot of talk about constructivism and teaching-learning processes. There have been arguments suggesting that teaching-learning process should
be constructivist. Thisissometimesinterpreted to mean that children should be allowed to follow their own paths and decide what they want to do. It must be
emphasized herethat like the use of materialsin Mathematicsthe spacefor the child to articul ate her own understanding and building uponit needsto beinterpreted
inthe context of an organized sharing of knowledgewith the child and the nature of the discipline. Oncethebasisof deciding theMathematicscurriculumisarrived
at then the classroom and the school hasto help the child devel op capability in the areas considered important. Theteacher cannot ask children what should be done.
At best she can construct optionsthat arein conformity with thegoa sand objectives set out in the program for them to choosefrom. Thenotion of constructivismitself
and itsrelationship to M athemati csteaching-learning needsto be expl ored and analyzed more carefully.

Assessment in Mathematics

Animportant part of any pedagogical statement isassessment. Whild therearegeneral principles. Thegenera key principles of assessment such as(a) the
purpose of assessment (b) the participationof student in the assessment process (¢) the mechanism of assessment (d) the way feedback would be provided tothe
child.

Themanner in which assessment isdone at present instillsafeeling of fear and purposel essnessfor most children. Except for those few who are confident of
doingwell, the othersusualy want to get over it quickly and scrape through somehow. No one seesare ation between the examination, performancein examination




andlearning. In Mathematicsexamin ations, particularly, thenature of the tasksgiven and the manner inwhich theyare assessed | ead to children being afraid of not just
the examination but even the process of engaging with Mathematics. The entire assessment processin aimed to exhibit what the child does not konw rather thanto
discover what she knows. Concepts of formative, summeative eval uation and other such termsdo not spell out the prupose, importance and implications of gooe
assessment processes. | n recent yearswe have talked about continuous and comprehensi ve eva uation, no examination assessment and have argued for theteacher
providing extrasupport to children who lag behing outside the class.

Therevocation of the examination, the no-deterntion policy and theideaof outside the classroom support may appear to be conceptually nice but it isnot
operationdly possible.

Education isadia ogue between schoal, teachersand the children. It thisdialogueisnot facilitated with trust, and opennessisdisallowed it would result in serious
distortionsinthe clasroom processes. In Mathematics specifically it isimportant for the child and the teacher to know what sheknowsand aso havgeasense of areas
that sheisstruggling with. The process of the child needsto be based on what shewas ableto do earlier. We need to grade the performance of the chiildinthat period
rather than grade her against other children. A ssessment and expectationisan important part of the requirement to make an effort. Thefear of examination cannot take
away purposethat assessment serves.

Theway society looksat Mathisacombination of awe, fear and apassport to success. Thereare strong beliefsabout thosewho are ableto learn Mathematics
being moreintelligent and have agreater chance and capability to succeedinlife.

Mathematicsislooked upon asafilter that woul d separate those who would be moving towardws higher intellectual prusultsand thosewho would take upless
intellectual rolesin society. Theanxiety of occupyng theintellectual and technical rolesleads parentsand teachersto pur pressure on studentsto learn. Thereissub-
conscious beginning of sorting by declaring many studentsincapabl e of learning and therefore hel ping them by some short -cutsto passthe examinators.

Thefear of assesement and subsequent doorsthat areassumed to open onlearning M athemeati cslead to atense atmospherein the classroom. Thegenerd fedling
inthe society that it isdifficult and hasto be suchthat it can only be doneby afew, preventsany attempt to allow childrento dowly develop their ability.

Itisdifficult to concludethisdiscussion but itisclear that in considering pedagogica aspectsof Mathematicsitisnot merely methods, classroom arrangements
and presentations stylesthat we aretalking about. We have to comprehensively look at education and the context of Mathematics, children, parentsand teachers
along withtheir aspirations, to moveforward on the understanding pedagory.

Hriday Kant Dewan (Hardy) is a Memeber of the Founding Group of Eklavya, and currently is the
Organising Secretary cum Educational Advisor of Vidya Bhawan Society, Udai pur. He has been working in
field of education for the last 35 yearsin different ways and aspects. In particular he has been associated
with efforts on educational innovation and modification of the state's educational structures. He can be
contacted at vbsudr @yahoo.com.
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TheNatureof Mathematicsand itsReation to School Education
— Amitabha Mukherjee

Background

Mathematics, among all school subjects, enjoysaunique- and paradoxical - status. Onthe one school education. It istaught asacompul sory subject right from
Classl to Class X. Moreovey, it isoften regarded as akind of touchstone : an educated person isonewho knows Mathematics. On the other hand, it isthe most
dreaded of school subjects, leading to awidespread sense of fear and failure among children. Even adultswho have gonethrough school successfully can beheard
todeclare: "I could never follow Mathinschool.” (When some of usstarted the School M athematics Project at the Centrefor Science Education and Communica-
tion, Delhi University, in 1992, our aimwasto addressthisfear. For amorerecent articulation, seethe Position Paper of the National Focus Group onthe Teaching
of Mahemeatics, URL http:/Aww.ncert.nic.in/html/pdf/school currimulum/position_papers/Math. pdf)

Theabove dichotomy raisesanumber of questions. Some of these are: what is Mathematics and why should weteach it in school ? Doesthe problem with
school Mathemati cs have something to do with the nature of Mathematics, or theway it istaught, or both? Can everyonelearn Mathematics up to apoint?Waht
Mathematics should weteach in school ?How should weteachiit?

To attempt to provide answersto dl the above questionswould be ambitious, evenfool hardy. Inthisarticle | will focus on some changesthat have taken place
inthethinking about school Mathematicsover thelast five decades, and their impact asfeltin Indiain thelast few years.

M athematics for all

Any contemporary discussion on school Mathematicsmust takeinto account the context of Universalisation of Elementary Education (UEE). Today, UEE seems
to be an attainabl e target rather than adistant dream. The next milestone of Universal Secondary Education (USE) will surely formamajor part of the educational
agendain the coming decade. Thuswhenwetalk of school Mathematicswe aretalking of something that isaddressed toal children.

Can everyonelearn Mathematics? Theanswer, fifry yearsago, would perhaps have been adultstalk of children who 'will never beabletolearn Mathematics.
How doesthisface up to the concerns of UEE/USE? Taking categorical position, the Position Paper mentioned earlier assertsthat :

Our vision of excellent mathematical education is based on the twin premisesthat all students can learn Mathematicsand that all
students need to learn Mathematics. It is therefore imperative the we offer Mathematics education of the very highest quality to all
children.

The question whichthen arisesis: what kind of Mathematicsteaching can meet the needs of all students. To be ableto addressthis, we need to achieve some
clarity about the goal sof Mathematicseducation.

Given that all chidiren are going to be learning Mathematics up to Class V111 and perhaps Class X, the main aim of school Mathematics

teaching cannot be to produce Mathematicians.




The aim(s) of School Mathematics Education

Giventhat all childrenaregoing to belearning Mathematicsup to Class Vi1 and perhaps Class x, the main aim of school M athemati csteaching cannot beto
produce Mathematicians. It cannot, for that matter, beto help produce scientistsand engineers, in spirte of the specia and important place that Mathemati csoccupies
with respect to these disciplines. What then are the goal s of school M athemati cs education? The Position Paper says: Simply stated, thereisonemain goal - the
mathematisation of the child's thought processes.

In other words, theaimisto learn to think about theworld inthelanguage of Mathematis, and to devel op thekind of thinking that isspecia to Mathematics. On
theother hand, alook at curriculaand textbooksin forcein the country would seemthat ‘university education’, or perhaps'lI T education', has dominated the content
and style of school Mathematics. No wonder amajority of past and present school goershaveno lovefor the subject!

What is Mathematics, anyway?

If mathemati sation of thinking isthe main goa of Mathemati cs education, we need to have some agreement on what contitutes Mathematics. If you ask people
at random the question "What isMathematics?' You will most likely get spontaneous answers " Addition, Subtraction, Multiplication and Division™. (On second
thoughtsor if pressed, people usualy add al gebraand geometry.) Now these operations on numbers undoubtedly form animportant part of Mathematics, but they
aonecannot serveto difine Mathemati csor mathematical thinking. | will not attempt to giveadefinition; instead, | giveyou some examplesof mathematica thinking.

"The door isbetween meand thewall.”

"Therearearoundfifty toffeesinthejar.”

"Thisgassistdl but thin. It will takelesswater than thewide mug.”

"Nineteen andfifteenis... twenty and onelessthan fifteen... that'sthirty-four.”

"Thegationisabout fifteen minutesif you take theroad, but there'sashort cut which will get you thereinten minutees.”

Atfirstsght, it may seemthat thefirst statement carries no evidence of mathematical thinking. For apre-school child, however, articulating spatial relationships
such as'above, 'below’, 'between', 'beyond' isanimportant part of mathematisation.

M athematisation of thought isnot an absol ute, onetime event. Through school and beyond it, children and even adults continueto M athematise. On the other
hand, our curriculamay contain alot of thingsthat students|earn without any accompanying processes, and hence without contributing to thereal learning of
Mathematics. Here are some examples, which, unlessbacked up by appropriate classroom processes, could end up being learnt by rote.

"Todivide someting by nvn, you multiply by n/m."

"TheLCM of aandbisatimesbdivided by theHCF of aand b."

"All triangleswith the samebase and height havethesamearea.”
The problem of Abstraction

Youngchildren learn about theworld by handling objects. Their introduction to Mathematicstherefore, isthrough the sameroute. Yet Mathematics, evenin
Class-|, necessarily involves abstraction. Consider astatement from thelowest level of school Mathematics:




"Two and two makefour."

Thisisastatement about two and four, which are abstract entities. Thewheelsof abicycle, apair of socksand two apples have somethingincommon: a
property whichwe can call 'two-ness. " Two applesand another two applestaken together make four apples’ isastatement about the physical world, which can
actually betested - unlike the above abstract statement.

Martin Hughesin his 1986 book " Children and Number" records many conversationswith children, which show that children havea" surprisingly substantial
knowledge about number "beforethey start school. However, thisknowledgeisnot couched intheformal language of the Mathclassroom. A child may correctly
count thenumber of bricksinabox, and predict that if thereare eight bricksinit, two more bricks added will maketen bricksin all. Yet the samechild hasno clue
when asked the abstract question : "How many iseight and two?"

Such experiments have subsequently been done by many others, with similar findings. Theimplication for the classroomisthat activitieswith concrete objects
should comebeforethetransition to theformal, abstract languageinwhich mathematical content isusualy framed. Moreover, thetransition fromtheinformal tothe
formal should be specifically addressed in our classroom practices.

The Construction of Mathematical Knowledge

Sincethebasic objectsof Mathemeaticsareabstract, wemay wonder if they have an existencewhichisobjective and independent of the human mind, or if they
arecongtructs of themind. Thisisanissuewhich philosophershave been debating since at |east thetime of the philosopher - Mathemati can Rene Descartes (1596-
1650). Arenumbers, for instance, 'out there', or do they exist only in our minds? Thevariouspositionson thisare summarised, for example, by Bertrand Russell inhis
very readablelittlebook " Introduction to Mathematical Philosophy”. | will sidestep thisdiscussion for themoment to consider adightly different aspect of theissue,
onewhichismoredirectly relevant to the classroom.

Itisgeneraly agreed now, following thework of Piaget, Viygotsky and others, that children do not acquire knowledge passively. Rather, each learner actively
constructsknowledgefor herself. The process of knowledge constcuctioninvolvesinteracting with the externa world aswell aswith other people. Thusit doesnot
matter whether mathematical entities have an objetive existence or not : Weall haveto go through the process of constructing them for ourselves.

Although piaget wasnot really concerned with school Mathematics, hiswork bearsdirectly onthelearning of Mathemeaticsat the early stages. Constance Kamil
hasargued, for example, that yound children do not discover arithmetic, they re-invent it. At first sight thismay seem contrary to the claim that pre-school children
have asubstantial knowledge of Mathematics, or at |east number. However, thereisnoreal contradiction if weremember that children are exposed to many contexts
for mathematical knowledge beforethey enter schoal.

Is Mathematical Knowledge Unique?

Beforeweturnto theimplicationsof these considerationsfor the classroom, we haveto addresstheissue of what M athemati csto teach. Should our curricular
choicesbedictated by the structure of mathematical knowledge aone?If so, isthisstructure unique and universal? If thisquestion is posed to a professional
Mathematician, thelikely answer will bean emphatic Y ES. However, we must remimber that membersof the Mathematis research community are aself-defined,
closed socia group. Asargued earlier, theaim of school Mathemati cs educati on cannot beto securefor |earnersmembership of thiselite group.

Researchersin many countries, including I ndia, have documented many different traditionsin Mathematics. Someof thesearefound intribal and other isolated
communities, while others- labelled 'street Mathematics - can be seento co-exist with theformal Mathematicstaught in schools. Masons, plumbersand other
artisansare ofter found to use their own, trade-specific, formsof Mathematics.




At adeeper level, thekind of M athematicsthat engagesthe community of mathematiciansat any place and timeisdetermined by the other socid groupstowhich
themathemati ciansbelong. Considerattions of race, language nationality and religion cannot be ruled out, even though mathematiciansmay liketo believethey are
aboveand beyond suchinfluences. The picture of M athematicsasasubject that hasevolved linearly, largely intheWest, from Euclid through Newton to the present
day, isonethat isincreasingly challenged thesedays.

Implications for the Pedagogy of Mathematics

Theabove considerations naturally |ead to some conclusions on how Mathemati cs should betaught. Sincethisvolume carriesan article on the Pedagogy of
Mathematics, | will bebrief.
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Children should be provided contextsin which thelearning of Mathematics can take place. These contextshaveto be 'redlistic' but not necessary real.
Inth early classesthere should be plenty of opportunity for children to handle concrete objects.

Special attention should be paid to thetrangition to theformal, symbolic mode. Early teaching of algorighmsisto be discouraged.

Learning basic skillsisimportant, but thinking mathematically even moreimportant.

L earnersshould not be given theimpress on the mathematical knowledgeisaafinished product.

Overdll, theteacher should play theroleof afacitlitator with each learner engaged actively inthe processes of learning Mathematics.

Conclusion

It may appear that issuesrelated to the nature of Mathematics belong to the reaim of philosophy, and havelittle relevanceto theteaching of Mathematicsin
elementry classes. However, asargued above, thereisin fact aprofound connection. It isimportant, therefore, for peopleinvolved in school Mathematics- teachers,
school heads, teacher educations, etc. - to engage at somelevel with theking of issues discussed here. How best this can be done remains an open question.

Amitabha MukherjeeisProfessor of Physicsat the University of Delhi and was Director (2003-2009),
Centrefor Science Education and Communication (CSEC). He was closely associated with the Hoshangabed
Science Teaching Program. Hisinvolvement in Mathematics education dates to 1992, with CSEC's School
Mathematics Project. He was a Member of the National Focus Group on the Teaching of Mathematics, set
up in 2005. He can be contracted at amimukh@gmail.com

Soruce : Learning Curve, Azim PremjiFoundation




A Cultureof Enjoying Mathematics
— Shashidhar Jagadeeshan

I ntroduction

It appearsthat whether welikeit or not, Mathematics pervadesall aspectsof our lives. Whether you areafarmer or atechie, acomfortablerelationship with
Mathematics, and competency at thelevel at which oneusesit, isarequisitein an equitable society. Somewill arguethat evenif the content of Mathematicslearnt at
school isforgotten, studentswill retainthe ability to think clearly and logically (anessentia lifeskill) because of their exposureto mathematical reasoning. Thetacit
assumption hereisthat learning Mathemeaticswill not only help usinour daily livesbut will also enhancethequdity of our life. How ironicthat for avast mgjority their
experiencewith Mathemati csisso contrary to thisassumption. Enough has been written bemoaning the state of M athemati cs education theworld over, andtheterm
'‘Mathphobia has become part of common parlance. A major reason for school dropout istheinability to cope with Mathematics; it seemsto be auniversal
phenomenon that many studentsfear and dread M athematics. Sadly, thisffeling often persistsinto adulthood.

There have been many attemptsto reform Mathemati cs education, and huge sums of money have been dedi cated to this cause. Unfortunately, the motivesfor
reform are suspect and, inmy opinion, thisispart of the problem. Advanced nationswant toimprovetheir citizens Mathematicscompetency out of afear that citizens
of rival nationsare outperforming them. Emerging nationswant to improvetheir Matheducation so that they can create a’knowledge society’. Humansempowered
with knowledge are seen asagreat asset in the market place. Reforms based on these motivations do not seem to have made much impact in thelong run on
M athematics education (although therewasabrief 'golden age of basic science' inthe USthanksto the Sputnik fear).

If we areto make any headway in addressing both problems, that of poor mathematical competency and that of Mathphobia, we need to explore several
questionsfirst. What isthe nature of M athematicsand how do our particular biasesimpact curriculum design?What istherel ationship that studentsand teachersshare
with Mathematics? Waht arethe mythsor belief sthat students and teachers have about M athematics? And perhaps most importantly, what arethe factorsthat
motivate humansto learn?Inthisarticlel hopeto begin such an exploration by first describing thevariouswaysin which Mathematicsisviewed and experienced, and
how these viewsmight affect curriculumif applied inisolation. | then go ontolook at curriculum design and pedagogy and seeif we can truly create aculture of
enjoying Mathematicsnot just for aelitefew but for all.

The Blind Men and Mathematics

Weareall familar with thefamous Jatakatal e about the blind men and the el ephant. Each one makestactile contact with adifferent part of the elephant, and
comes up with descriptionsranging fromawall to arope! Mathematicstoo suffersfrom partia perceptions. Perhapsthe mystery, depth and richness of Mathematics
isrevedledinthefact that it can be seenin so many different ways. Let uslook at some of these perceptios and how they impact curriculum design and pedagogy.

M athematics as accountancy

For alargemgjority of people, Mathematicsis synonymouswith accountancy. Perhapsit isnot unreasonableto say that the bulk of humanity usesMathemeatics
to compare prices, make surethey are not being cheated of the correct change, perhaps cal culate interests, discountsand rebates, somemay even calculate areasand
volumes. The more advanced may useit in book keeping. Itisalso truethat many discoveriesin arithmetic probably camefrom the need to keep records of land and
accountsof trade. Examplesthat comesto mind are preliminary trigonometry and mensuration, motivated by the need to cal culateland holdingsintheNile Valley.
Perhapsthe motivation for the discovery of the Hindi-Arabic numera system came morefrom the need to do large cal cul ationsin astronomy than from theneed to




do book keeping. But surely thisdiscovery, considered one of the 'greatest intellectual feats of humans, 'has had its major and number manipulation issynonymous
with Mathemétics.

If thisisone'sonly experiencewth Mathemeatics, then onewill design the curriculum and teach Mathematicsasif it wereascience of dgorithmsto do mechanical
caculationsandlose many studentsinthisdrudgery. Sofiakova evskaiaexpressesthiswonderfully : "Many who have never had the occastion to discover more about
Mathematics confuseit with arithmetic and consider it adry and arid science. In reality, however, it isascience which demandsthegreatest imagination.”

Mathematics as problem solving and mental gymnastics

One of the magjor features of Mathematicsis problem solving, and many who discover thethrill of problem solving at ayound age become professional
mathematicianswhen they grow up. However, if thisaspect of Mathematicsisdistorted, and seeninthewrong perspective, it becomesasource of fear and aversion
toward Mathematics. Sincetaent in problem solving appearsat avery yound age, children are often classified as'brilliant' or 'dull’ based on thissingle ability. When
an education system eugatesachild's salf worth with their mathematical problem solving ability, it doesgreat harm both to the oneswho are adept at problem solving,
and to thosewho are not. Thosewho find problem solvign difficult, and who then go onto belabeled as'stupid’ (either by society or by themselves), develop adeep
fear and aversionto all of Mathematics. Thisself imageisoften linked totheir self esteem, leading to feelings of insecurity and shame. All of us have encountered
perfect strangers who have a great need to confess how bad they are at Mathematics. On the other hand, those who are very adept at problem solvign and
Mathematicsareautomatically labeled ‘intelligent’, and runtherisk of becoming one-demensiona human beingswith poor social skills. | leaveit asan easy exercise
to nameyour favorite mathemeatician asan exampletoillustratethis point!

Thereisno doubt that alarge part of mathematical theory ismotivated by the desireto solvedifficult problems. Fermat's Last Theorem isafamousexample.
However, not all mathematical problemsare of the same order. Some problemsareindeed very profound and likethetip of aniceberg, revea deep aspects of
Mathematics. Many problems (an endless plethora) are smply mental gymnastic often created by working backwardsfrom sol utions, requiring someinanetrick to
solve.

Those who find problem solving difficult, and whothen go on to be labeled as 'stupid’ (either by society or by themselves), develop a deep
fear and aversion to all of Mathematics. This self image is often linked to their self esteem, leading to feelings of insecurity and shame.

These problemsform the core of most of our competitive examsand are used asa s eve to week out applicants. Any system that usesthisgymnastic ability as
ayardstick to decide how to distribute accessto resources such as education and jobswill surely create askewed society. The effectsof theseareaready being seen
today at our institutionsof higher learning. Studetnswho have been put through agrind of mindless problem solving are burnt out and have no motivationtolearn
anything new. Such studentsahve avery narrow view of Mathematicsand very few will choose M athematicsresearch and teaching asacareer. | have heard senior
professors and administrators bemoaning thefact that it isvery hard to find competent peopleto teach Mathematicsat many new prestigiousingtitutionsin India.
Imaginethefate of the many thousands of studentswho have, after several yearsof preparation, failed to get accessto so-called quality education. With damaged
psychesand bruised self confidence, what kind of |earning can take place? Further the erroneousidentification our society has made between intelligence and
mathematical ability hasledto adisma state of education for thoseinterested in pursuing the humanities, because disproportionate fundsare made avail ableto science
education. Many studentswith noreal interest in the sciencesand perhapsvery gifted in other areas still pursue science.

Mathematics as the 'language of the universe' and as a useful tool in modern society

With Galieo, M athemati cs has begun to be seen asthelanguage of the universe. Thosewho seek to unravel the mysteriesof the universe seeMathematicsasa
sixth sense needed to comprehend the universe. We marvel with the physicist Eugene Wigner who gavealecturein 1959 titled "The Unreasonabl e Effectiveness of
MathematicsintheNatural Sciences. WWigner endshislectureby saying, " The miracle of the sppropriatenessof thelanguage of Mathematicsfor theformulation of




thelawsof physicsisawonderful gift whichwe neither understand nor deserve. We should be greateful for it and hopethat it will remainvalidin futureresearch and
that it will extend, for better or for warse, to our pleasure, even though perhapsal so to our bafflement, towide branches of learning.” For many who pursuethemore
theoretical aspectsof science, it isthis'miraculous aspect that they most appreciatein Mathematics.

Mathematics with us brilliant ability to model phenomenon has had a far reaching impact in all aspects of our lives and on many fields of
study, ranging from biology to economics.

Mathematicswithitsbrilliant ability to model phenomenon hashad afar reaching impact in all aspectsof our livesand on many fieldsof study, ranging from
biology to economics. Thismodeling ability hasa so made M athematicsand extermely useful tool for awidevariety of peopleranging from businessmento engineers.
Thevast mgjority of ususe computersthesedayswith no clueasto how they work, and smilarly Mathematicsisused asatool by practitionerswho haveno clueas
towhy thetool works. A view of Mathematicsthat demandsthat itsutility be demonstrated at dl timeswill aso have an adverse effect on Mathematicscurriculaand
theteaching of Mathematics. Thetroubleis, very little of school Mathematics can be shown to the student to be applicablein areal sense. Most often the examples
arerather contrived and meaningless. Furthermore, an attitude that says, "1 will learn something only becauseit isuseful” comesintheway of truelearning.

A Utilitarian approach to Mathematicswith benefitsto be regped in thefurre, while doing mechnanical and meaninglesscal culationsinthe persent, isnot going to
inspirestudents. It makesit boring, and M athematicslosesits playful andjoyful aspect. AsdulianWilliamsput it " Theaverage student needsemotiona and intellectual
satisfaction now, not just infiveor tenyears time, when they become adults!”

Mathematics as truth and beauty

We now enter esoteric descriptionsof Mathematics! All pure mathematiciansworth their salt will declarethat the reason that they do Mathematicsisbecauseit
isbeautiful. If they are Platoniststhen they will further declarethat they arein search of ‘'mathematical trugh', something to bediscovered rather than invented. for al
pure mathematicians?" A mathematician, likeapainter or apoet, isamaker of patterns. If hispatternsare more permanent thantheirs, it isbecausethey aremadewith
idess, likethe coloursor words, must fit together in aharmoniousway. Beauty isthefirst test : thereisno permanent placein theworld for ugly Mathematics.”

Inmy opinion however, the strongest motivation for pursuring M athemeaticsisexperienced at an errotiond level. All mathematicians, no matter what their view
onthenature of Mathematics, will agreethat inthe process of creating M athematicsthey experienceasense of 'illumination spreading throughout thebrain'. Alain
Connes, aFeldsmedalist (the highest honour one can achievein Mathemati cs), describesthis sensation asfollows: " But themoment il lumination occurs, it engages
theemotionin such away that it'simpaossibleto remain passive or indifferent. On thoserare occasionswhen I've actually experienced it, | couldn't keep tearsfrom
comingtomy eyes."

Theview of Mathematicsthat it isakinto acreative art form, and that only thosewho havetasted the heady joy of discovering Mathematicstruly understandiit,
hasthe strongest appeal to most people (including myself) who study Mathematicsfor itsown sake, and not only for itsapplications or other aspectsas discussed
above. Fromtimeto time mathematicians havelamented thefact that it i sbecause both teachers and students do not truly understand this nature of M athematicsthat
we havedigtorted itscurriculum and teaching.

However, aview that saysthat al mathematical experiencesthat should be similar to experiencesof art or music aso hasitslimitations. Beauty inart and music
isrelatively easily accessibleto most human being, but to seethe beauty of Mathematicsrequiresaspecia connectiontoit and afair degreeof training. A large part
of school Mathematics often does not have arich enough structureto reveal itsbeauty; infact intheseyearsit is problem solving that drawsmost childrento
Mathematics. If Mathematicsisan art form, then why forceall childrento learn Mathematics? If we make M athemati csoptional based on early reactinstoit, arewe
being responsibleto children? Since aestheticsisamatter of taste, must wethen allow teachersto fashiontheir curriculaaccording totheir taste? Thiswill surely not
satisfy thetaste of all their students, |et alone hel p them use M athemati cs asafoundation to learn other subjectsor earn alivelihood.




Thenthereisthe question of why society should support mathemeatical activity. Most artistsneed patronsor find buyersfor their art work. M athematiciansdo not
sell their theoremsfor aliving! Frankly it isbecause policy makers see Mathematicsasauseful tool that most peoplein thefield of Mathematicsare ableto feed
themsalves! They either teach Mathematicsor 'do’ Mathematicswhichisconsidered useful for aliving. A tiny minority issupported for doing Mathematicsfor itsown
sake.

M athematics for all?

If weinsist that Mathematics be part of the core curriculum for all studentsthen we must a'so makeit affundamental right that all studentsenjoy learning
Mathematics! A renowned Carnatic musician oncetold methat Carnatic music enjoyed ahugerevival someyears ago, thanksto the efforts of several yound
musicianswho created and nurtured abroad 'rasika base. These young peoplerevived the'sabhaculture in Chennai and hundredsof other small townsand villages
throughout South India. Musiciansyoung and old, amateur and accomplished, now have an appreci ative audience and can earn adecent livelihood.

Canwe create aculture of enjoying Mathematics? Surely thisisthe only holistic solution to the problemsdiscussed so far. Thiscan happen only if al stake
holdersreally get afed for thejoy and thrill of doing, using and learning Mathematics. Thisseemsautopian dream given the current state of affairs- unimaginative
curricula, poor infrastructure, poorly prepared teachers ("M athemeaticians are not interested in teaching children, and teachersare not interested in doing M athemat-
ics," saysPaul Lockhart) and aculture of fear and anxiety asfar asMathematicsisconcerned. But likeall revol utions change must begin at both theindividual /
grassrootsand the systemiclevel.

It weinsist that Mathematics be part of the core currinulum for all students then we must also make it a fundamental right that all students
enjoy learning Mathematics.

Atasystemicleve weneed to delink mathematica ability from intelligence. We need to hel p each child discover what they really love, but alsolearnto lovethe
thingsthey do. we should stop using arcane mathematical problem solving skillsasthe main criterion for accessto resources such as education and jobs. haveto
urgently develop abroader basefor ng the aptitudeand skillsof our young. | am not suggesting awatering down of standards, instead | am asking for abroad
based system of eval uation which takesinto account the multiplefacets of humanintelligence, the capacity to be accountable and the moreeusive quality of beinga
senditiveand respons ble human being. A radicd shift inthisareawill wipeout cultural anxiety towardsMathematics.

Atthelevel of curriculum, weneed to be clear about our goa sfor Mathemati cseducation. At the minimumwewould like everyoneto be competent at numeracy,
havesufficient critical understanding of datagathering and presentation so that they do not buy into fal se propaganda, and havethereasoning ability to detect fallacious
arguments. For asmaller number of people, the goa would be one of competencein the use of Mathematicsasatool; for an even smaller fraction, to create new
Mathematicsrarely are creative mathemati ciansthe programmed outcome of asystem-they turn to Mathematicsin spite of any system, asthey cannot but do
Mathematicdl).

TheMathematics curriculum framework outlinein the NCF 2005 isan excellent document and goesalong way in living very clear guidelines. However, there
isan urgent need for athink tank of mathematicians, teachers and educational psychologiststo create material keeping these goalsin mind. We need to teach
numeracy in creativewaysto that these skillsare mastered and retained. Sincethey will beused indaily practical situations, these skillsshould be eval uated through
projectsand gamesthat s mulate el evant situations, rather than through stressful exams. Since Mathematics often buildsonitself, conceptsneed to berevisited butin
cregtiverather than repetitiveways. Thewhol e curriculum should beinfused with the phil osophy that Mathemati csisthe'science of pattern recognitioin. \WWeneed dso
to pay special attention to how pattern recognition isassessed. | have had several studentswho would not appear good at conventional textbook M athematics, but




neverthelesshaveavery strong spatial senseand are adept at recognizing patternsand solving logica puzzles. Children should have sufficient experiencewith solving
meaningful problemsand experiencethethrill of having andinsight. Thereisno ready made materia availableinthe market that reflectsal thesedemands. Asl have
said earlier, itisurgent that we set asideresourecsto create or at |east put together such material in acoherent manner and train teachersto use them effectively.

Attheleve of theclassroom, it isextremely important that ateacher createsatrui learning space. For such aspaceto be created there hasto bearelationship
of trust and affection between the student and teacher. The teacher must really enjoy doing M athematics so that hisstudentsfed inspired. Moreimportantly, he must
hel p them understand their own fearsand resistanceto learning, and enablethem to take ownership for their own learning Twenty years of education at Center For
Learning hastaught usthat all these are not romatntic pipe dreams, but very much withintherealmsof possiblility.
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M athematicsand the National Curriculum Framewor k
— Indu Prasad

Mathematicsisoneof the oldest fields of knowledge and study and haslong been considered one of the central components of human thought. Somecall ita
science, othersan art and some have even likened it to alanguage. It appearsto have piecesof al threeand yet isacategory by itself.

According totheNationa Curriculum Framework (NCF) 2005, themain goa of Mathematicseducationin schoolsisthe 'mathemati sation’ of achild'sthinking.
Clarity of thought and pursuing assumptionstologica conclusionsiscentra to themathematical enterprise. Whilethereare many waysof thinking, thekind of thinking
onelearnsin Mathematicsisan ability to handle abstractions and an approach to problem solving.

The NCF envisions school Mathematicsastaking placein asituation where:

o 0k owbdE

7.

Childrenlearnto enjoy Mathematicsrather than feer it.

Childrenlearn"imprtrant” Mathematicswhichismorethan formul asand mechanical procedures.

Children see Mathematics as something to talk about, to communicate through, to discuss among themsel ves, to work together on.
Children pose and solve meaningful problems.

Children use abstractionsto perceive rel ationships, to see structures, to reason out things, to arguethetruth of falsity of statements.

Children understand the basi ¢ structure of Mathematics: arithmetic, algebra, geometry and trigonometry, the basi ¢ content areas of school Mathhematics,
all of which offer amethodology for abstraction, structuration and generaisation.

Teachersare expected to engage every childin classwith the conviction that everyone can learn Mathematics.

Ontheother hand, the NCF also liststhe challengesfacing Mathematics education in our schoolsas:

1
2.
3.

4.
5.

A senseof fear and failureregarding M athematicsamong amagjority of children.
A curriculum that disappointsboth atalented minority aswell asthe non-participating mgjority a the sametime.

Crude methods of assessment that encouragethe perception of Mathematics as mechanica computation - problems, exercises, methodsof evaluation are
mechanica and repetitivewith too much emphasison computation.

Lack of teacher preparation and support in theteaching of Mathematics.

Structuresof social discrimination that get reflected in Mathemati cs education often leading to stereotypeslike 'boys are better at Mathematicsthan girls.
However thedifficulty isthat computationsbecomesignificanly harder, and it becomesthat much moredifficult to progressin arithmetic.

The NCF, therefore, recommends:

1.

Shifting thefocus of Mathematics education from achieving 'narrow’ goals of mathematical content to *higher' goals of creating mathematical learning
environments, where processeslikeformal problem solving, use of heuristics, estimation and approximeation, representation, reasoning and proof, making

connectionsand mathematical comunication take precedence.




2. Engaging every student with asense of success, whileat the sametime offering conceptua challengesto the emerging Mathematician.
3. Changing modesof assessment to examine students mathemati sation abilitiesrather than procedural knowledge.
4. Enrichingteaceher with avariety of mathematical resources.

A mgor focusof theNCFisonremoving fear of Mathematicsfrom children'sminds. It spesksof liberating school M athematicsfrom thetyranny of theoneright
answer found by applying the one a gorithm taught. Theemphasisisonlearning environmentsthat invite participation, engage children, and offer asence of success.

Methods of Learning

The NCF saysthat many general tacticsof problem solving can betaught progressively during the different stagesof schoal : abstraction, quantification, ana ogy,
caseanalyss, reductionto smpler Situations, even guess-and-verify exercises, isuseful in many problem-solving contexts. Moreover, when children learn avariety of
approaches (over time), their tool kit becomesricher, and they also learn which approachisthe best. Children also need exposureto the use of heuristicsor rules of
thumb, rather than only believing that M athematicsisan 'exact science. Theestimation of quantitiesand approximating solutionsisal so an essentia skill. Visuaization
and representation are skillsthat M athematics can hel p to develop. M odelling situations using quantities, shapes and forms are the best use of Mathematics,
mathematical concepts can berepresented in multipleways, and these representations can serve avariety of purposesin different contexts.

For example, afunction may berepresented in agebraic formor in theform of agraph. Therepresentation 'p/q’ can be used to denote afraction asapart of the
whole, but can a'so denote the quotient of two numbers, 'p'and'q'. Learning thisabout fractionsisasimportant, if not more, than learning thearithmetic of fractions.
Thereisalso aneed to make connections between Mathematics and other subjectsof study. When childrenlearnto draw graphs, they should &l so be encouraged to
think of functional rel ationshipsin the sciences, including geology. Children need to appreciatethe fact that M athematicsisan effectiveinstrument in the study of
science.

Theimportance of systematic reasoning in Mathematics cannot be over-emphasised, and isintimately tied to notions of aestheticsand el egance so dear to
Mathematicians. Proof isimportant, but in addition to deductive proof, children should a so learn when pictures and constructions provide proof. Proof isaprocess
that convinces askeptical adversary; School Mathemati cs should encourage proof asasystematic way of argumentation. Theaim should beto devel op arguments,
eval uate arguments, make and investigate conjectures, and understand that there are various methods of reasoning.

The NCF asl o speaks of mathematical communication - that it is preci se and employs unambiguous use of language and rigour informulation, which are
important characteristicsof mathematical trestment. Theuse of jargonin Mathemeaticsisdeliberate, consciousand stylled. M athematiciansdiscusswhat appropriate
notationissince good notationisheldin high esteem and believed to aid thought. Aschilfen grow ol der, they should be taught to appreciate the significance of such
conventionsand their use. Thiswould mean, for instance, that setting up of equations should get asmuch coverage as solving them.

Organization of the Curriculum

TheNCF recommendsthefollowing for different stagesof schooling:

1. Pre-Primary:Atthepre-primary stage, al learning occursthrough play rather than through didactic communication. Rather than the rotelearning of number
sequence, children need tolearn and understand, in the context of small sets, the connection between word gamesand counting, and between counting and
quantity. Making simple comparisonsand classificationsaong one dimension at atime, and identifying shapesand symmetries, are appropriate skillsto
acquireat thisstage. Encouraging childrento uselanguageto freely express one'sthoughts and emotions, rather than in predetermined ways, isextermely

important at thisand at |ater stages.




2. Primary : Having children develop apositiveattitudetowards, and aliking for Mathematicsat the primary stageisasimportant as devel oping cognitive
skillsand concepts. mathematical games, puszzlesand storieshelpin devel oping apositive attitude and in making connections between M athematicsand
everyday thinking. Besidesnumbersand number operations, dueimportance must be given to shapes, spatial understanding, patterns, measurement and
dateahandling. The curriculum must explicitly incorporate the progress on that learners make from concreteto abstract while acquiring concepts. Apart
from computationa skills, stressmust belaid onidentifying, expressing and explaining patterns, on estimation and approximationin solving problems, on
making connections, and on thedevel opment of skillsof languagein communi cation and reasoning.

3. Upper Primary : Here, studentssget thefirst taste of the application of powerful abstract conceptsthat compress previouslearning and experience. This
enablesthem to revisit and consolidate basic conceptsand skillslearnt at the primary stage, which isessential from the point of view of achieving universal
mathematicd literacy. Studentsareintroduced to a gebraic notation and itsusein solving problems and in generali sation, to the systematic study of space
and shapes, and for cnsolidating their knowledge of measurement. Datahandling. representation and interpretatio form asignificant part of theability to dedl
withinformationin general, whichisan essentia 'lifeskill'. Thelearning at this stage al so offersan opportunity to enrich students spatial reasoning and
visudisationskills.

4. Secondary : Studentsnow begin to perceivethe structure of Mathematicsasadiscipline. They becomefamiliar with the characteristics of mathematical
communication : carefully defined termsand concepts, the use of symbolsto represent them, precisely stated propositions, and proofsjustifying propos-
tions. These aspectsare devel oped particularly in the areaof geometry. Students devel op their facility with algebra, which isimportant not only inthe
application of Mathematics, but also within Mathematicsin providing justificationsand proofs. At thisstage, studentsintegratethe many conceptsand skills
that they havelearnt into aproblem - solving ability. Mathematica modelling, dataanaysi sandinterpretation taught at thisstage can consolidateahigh level
of mathematicd literacy. Individual and group expolration of generalisation, making and proving conjecturesareimportant at thisstage, can be encouraged
through the use of appropriatetoolsthat include concrete model sasin Mathematicslaboratoriesand computers.

5. Higher Secondary : Theaim of the Mathematicscurriculum at thisstageisto provide studentswith an gppreciation of thewidevariety of the application of
Mathemati cs, and equip them with the basi c tool sthat often conficting demands of depth versusbreadth needsto be made at thisstage.

On Assessment, the NCF recommendsthat Board examinations berestructed, so that the minimum dligibility for aState certificateisnumeracy, reducing the
inganceof faillurein Mathematics. At thehigher end, it isrecommended that examinations be more challenging, eva uating conceptua understanding and competence.

TheNCFsvision of excellent mathematical education isbased on thetwin premisethat al students canlearn Mathematicsand that all studentsneedtolearn
Mathematics. Itis, therefore, imperativethat M athematics education of thevery highest quality isofferedtoal children.

 Problem Posing
1. If youknow that 235+ 367 = 602, how muchis234 + 369?How did you find the answer?
2. Changeany onedigitin 5384. Did the number increase or decrease? By how much?
Source : NCF 2005 J
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Number : TheRoleof Pattern and Play initsTeaching
— Shailesh Shrali

Pre-history

The concept of number iscrucia to Mathematics, yet itsorigin may forever be hidden fromus, for it goesfar back intime. Human beings must have started long
back to usethetally system for keeping records-livestock, trade, etc - but we may never know just when. A remarkabl e discovery madein 1960 in Belgian Congo
of the I shango bone, dated to 20,000 years BP, suggestesthat the seeds of Mathematical thinking may go still further back than thought; for, _
carved onthebonearetaly marksgrouped in adeliberate manner, seemingly indicative of aMathematical pattern (thereisevenahint of a
doubling sequence: 2, 4, 8). However, until further evidenceisuncovered, the matter must remain as specul ation. See the Wikipedia
referencefor moreinformation.

Tally counting asapractice may well be as many as50,000 yearsold; eventoday we useit to count, in various contexts, e.g. in aclasselection.
Base ten number system

Thenotation weusetoday - the baseten or decimal system - hasitsoriginsin ancient practices. Long back the Babyloniansused asystem based on powers of
60, and traces of that practiceremaintothisday - we till have 60 secondsin aminute, 60 minutesin an hour, 60 minutesin adegree (for angular measure). Later the
Egyptians devel oped asystem based on powersof 10, in which each power of ten fromtentill amillion wasrepresented by itsown symbol. But thissystem differs
fromoursinacrucia way - itlacksasymbol for Zero.

A system of arithmetic without asymbol for zero sufferesfrom two difficulties. Thefirst isthat thereisconfusion between numberslike 23, which represents 2
tensand 3 units, and 203, which represents 2 hundredsand 3 units. Without the zerc symbol someway hasto befound to indicate that the 2 means™ 2 hundreds' and
not "2tens'. Thiscan bedone, but itisquite cumbersome. But agreater difficulty isthat computations become significantly harder, and it becomesthat much more
difficult to progressinarithmetic.

The Greeksdid not haveasymbol for zero, and it isnot surprising that the did not devel op arithmetic and algebrathe way the devel oped geometyr, whichthey
took to great heights. It wasin Indiathat the symbhol for zero cameinto being (probably asearly asthe 5" century), along with therulesfor working withit. Not
coincidentally, arithmetic and algebragrew in avery impressive manner in India, in the hands of Aryabhata, Brahmagupta, Mahavira, Bhaskaracharya:I1, and many
others.

Ontheother hand the ancient Indiansdid not progressanywhereasfat in their study of geometry. But it isstriking that one areawherethe methodsof algebra
and anaysiseither into geometry inanatural way, namely trigonometry, did originatein India(in thework of Aryabhata, 5" century AD).

[ " Concepts are caught, not taught” . It is only by actual contact with collections of objects that concepts form in on€'s brain. ]




Abstraction and the number concept

Embeddedin our brainsisan extraordinary ability : theability to form concepts; theability to abstract common featuresand shared qualitiesfrom collections of
objectsor phenomena. It isthisability that liesbehind the creation of language, and itisthisthat enablesusto "invent” numbers. To understand what thismeans, think
of anumber, say 3. Is3athing?Canit belocated somewhere?No, it cannot; but our brains havetheability to seethequality of "threeness" in collectionsof objcts:
threefingers, threebirds, threekittens, three puppies, three people - thefesture they shareisthe quality of threeness. Thisability isintrinscto thevery structure of our
brains. Wereit not there, wewould never be ableto learn the concept of number (or any other such concept, because any concept isessentially an abstraction).

Eveninsomething assmpleastally counting - creating a 1-1 correspondence between aset of objectsad aset of tally marks- our brainsshow aninnate ability
for abstraction : by willfully disregarding the particul arities of the various objectsand instead cons dering them asfacel essentities.

Redlization of thisinsight has pedagogical consquence; for, ashasbeenwisely said, " Conceptsare caught, not taught”. Itisonly by actual contact with collections
of objectsthat conceptsforminone'sbrain. How exactly thishappensisstill not well understood, but | recall acomment wich goesback to Socrates (theteacher's
roleisakin to that of a midwife who assistsin delivery).

Theinverntion of algebrarepresentsonemore step up theladeer of abstraction. Toillustratewhat thismeans, |et usexaminethese number facts: 1+3=4, 3+5=8,
5+7=12, 7+9=16, 9+11=20. We see aclear pattern : the sum of two consecutive odd numbersisawaysamultiple of 4. Thisstatement cannot be verified by listing
all the possibilities, for therearetoo many of them - indeed, infinitely many. But we can use a gebraic methods! We only haveto trand ate the observation into the
algebraic statement (2n-1) + (2n+1)=4n; thisinstantly provesthe statement. Suchisthe power of algebraand also the power of abstraction - and thisability toois
intringctoour brains.

Number patterns

Another featureintrinsic to thebrainisthe desireand capacity for play. Most mammalsseem to haveit, aswe seeinthe play patternsof their young ones- and
what apleasing sight it can be, towatch kittens or puppiesor baby monkeysat play! But human beingshaveafurther ability : that of bringing patternsinto their play.
When our loveof play combineswith the number concept and with our love of patterns, Mathematicsisborn. For Mathematicsisessentially the science of pattern.

Itiscrucial to understand the element of play in Mathematics; for oneistold, repeatedly, of theutility of Mathematics, how it playsacentra rolein somany areas
of life, and how it isso important to one's career. But the element of play gets passed over in thisview point; the subject becomes something one must know,
compulsorily, and the stageisset for along term fearful relationship with the subject.

Fromtheearliest times- in Babylon, Greece, China, India-there hasbeen aplayful fascination with number patternsand geometrical shapesone can associate
with numbers. From thisare born number families- prime numbers, triangular numbers, square numbers, and soon.

Let usillustratewhat theterm " pattern” meansin this context. We subdividethe counting numbers 1, 2, 3,4, 5, 6, 7, §, ... into two families, the odd numbers (1,
3,5,7,9,11, ....), and the even numbers (2, 4, 6, 8, 10, 12, ...). If we keep a running total of the odd numbers here iswhat we get : 1, 1+3=4, 1+3+5=9,
1+3+5+7=16, 1+3+5+7+9=25. Well! We have obtained thelist of perfect squares!

Thereisawonderful way we can show the connection between sumsof consecutive odd numbersand the square numebrs; itispleasing to behold andincisive
Initspower at the sametime. All we haveto doisexaminethe picturebelow : thisproperty isclosely related to one about the trianglular numbers: the sequence 1,




3,6, 10, 15,21, 28, 36, 45, 55, ... formed by making arunning total of the counting numbers: 1, 1+2=3, 1+2+3=6, 1+2+3+4=10, etc. They are so called because
we can associ ate triangular shapeswith these numbers.

Thereisjust one red square; when we put in three green squares around it, they together make a2 by 2 square; hencewehave 1+3=2times2. |

Pur inthefice purple squares and now you have a3 by 3 square; hence 1+3+5=3times 3.

Put in the seven blue squares, and now you have a4 by 4 square; hence 1+3+5+7=4times4. And so on! .

Therearetwo striking propertiesthat connect thetraingular numberswith the square numbers(1, 4, 9, 16, etc), and consecutivetriangul ar numbersisasquafé
number; e.g., 1+3=4, 3+6=9, 6+10=16, ...; (I1) if Lisadded to 8 timesatriangular number we get asquaree.g., (8 x 3)+1=25, (8 x 6)+1=49, (8 x 10)+1=81.

Why isthere such anice connection?A lovely questionto ponder over, isn't it?

Hereisanother pattern. Take any triple of consecutive numbers; say 3, 4, 5. Square the middle number; we get 16.
Multiply theouter two numberswith each other; weget 3timesSwhichis 15. Observethat 16-15=1; thetwonumbersobtained |  *,°  * © * ° ° * °
differ by 1. Try it with some other triple, say 7, 8, 9: 8 squared is64, 7 times 9 is 63, and 64-63=1; once again we get a
differenceof 1. Will thispattern continue?Yes, and it iseasy to show it using a gebra; but think of what pleasure discovering thiscan giveayoung child playing with
numbers

Wefind asimilar but more complex pattern with the famous Fibonacci sequence, whichgoesl, 1, 2, 3,5, 8, 13, 21, 34,55, ...; here, each number after thefirst
two isthe sum of the preceding two numbers (e.g., 8=5+3). Repeat the computation with this sequence. With thetriple 2, 3, 5weget : 3squaredis9, and 2 times
5is10; the squared number is 1 lessthan the product of the other two. Withthetriple 3, 5, 8weget : 5 squaredis 25, and 3times8is24; now the8is64, and 5times
13is65; once again the squared number issmaller by 1. And so it goes- acurious aternating pattern.

We seethesamething if westudy collectionsof four consecutive Fibonacci numbers, for example. 1, 2, 3, 5. The product of the outer two numebrsis5, andthe
product of theinner two is67; they differ by 1. Take another such collection: 3, 5, 8, 13. The product of the ouer twois 39, that of theinner twois40; onceagain,
adiffereneof 1. And again the alternativn pattern continues. Astoni shingly, even nature seesfit to use the Fibonacci numbers. If wekeep records of the numbersf
peta sinvariousflowers, wefind that the number isgenerally aFibonacci number. Study the spiralsin which pollen grainsarearranged inthe center of asunflower;
therearespirasrunning in clockwise and anticlockwisedirections: you will find that the number of spiralsof each kindisaFibonacci number. Natureisjust asfond
of patternsaswe are!

Many yearsback | used atextbook called " Pattern and Power of Mathematics'. Itisanicetitlefor atextbook, for patternsarewhat the subject isall about, and
itisthisthat givesit itsastonishing power. But - moreimportant - it isthisfeature that makes us study the subject inthefirst place.

Large numbers, small numbers

Therearenumebrs, and thentherearelarge numbers Children naturaly likelarge numbers, and many of them discover on their ownthat thereisnolast number:
however large anumber one may quote, oneonly needsto add 1 toit to get alarger number. So the number world has no boundary! There are somewho makea
similar discovery at the other end - with small numbers; | recall astudent telling me, many yearsback, how she could make an unending sequenceof tinier andtinier




fractions, smply by halving repeatedly; she could not believethat such tiny numberscould exist! Shehad madethiswonderful discovery herself, and wasvery excited
by it.

Theancient Indians|oved large numbers, and heresaproblem that showsthislove. If | ask you to find asguared number that i stwice another squared number,
you would never succeed, becausethere aren't any such pairsof numbers. (Why?- there'sanice story behind that, but we cannot go into that now.) So we change
the problem alittlebit : | ask for asquared number which exceedstwice another squared number by 1. Now wefind many solutions; e.g., 9 and 4 are squared
numbers, and 9 - (2x 4)=1. Hereare some more solutions:

289 -(2x144) =1,
9801 - (2 x 4900) = 1.
If wereplacetheword "twice" by "5times' wefind solutionsto thistoo :

81-(5x16)=1,
(161x 161) - (5x 72x 72) = 1,
and soon.

Inthe 7" centrury, Brahmaguptaasked if we could find solutionswith"5times' replaced by "61 times’. Thesmallest solutioninthiscaseisvery largeindeed -
yet Brahmaguptafoundit :

(1766319049 x 1766319049 - (61 x 226153980 x 226153980) = 1.
Fedl freetoverify therelation.

| think thedateissignificant : thelndianswere asking such questionsthirteen centuriesback! Theloveof play hasbeenthereinal human cltures, for alongtime.
Ther€'sno holding it back.

But now astrangething happens. What began asplay takeswing, and filesaway amature subject, with aninner cohesivenessand structurethat isstrong enough
tofind applicationintheworld of materids, living bodies, and finance- the"real world". Such flights have happened two dozen timesor morein history, and no one
really knows how and why they happen; but they do. Maybeit isGod'sgift to us. (But wedo not waysuseit asintended; the power of Mathematical methodsalso
finds applicationin the design of bombsand unclear submarinesand other instrumentsof killing.)

Closing note
Thereare so many topicsinwhich we can bring out thetheme of pattern and play in Mathematics:

¢ Magicsquares(arranging agiven set of 9 numbersina3 by 3array, or 16 numbersina4 by 4 array, so that the row sums, column sums, diagonal sums
areal thesame); not only do these bring out nice number rel ationships, but in the course of the study onelearnsabout symmetry.

¢ Cryparithms(solving arithmetic problemsin which digits have been substituted by letters, for example, ON + ON + ON + ON = GO; many simple but
pleasing arithmetical insightsemergefrom the study of such problems);




+ Digitd patternsinthe powersof 2 (list the nunitsdigits of the successive powersof 2; what do you notice? Now do the same with the powers of 3; what
doyou notice?)
These examplesarewoven around the theme of number, but the principle extendsto geometry in an obviousway. Herewe study topicslikerangoli and kolam;
paper folding; designsmadewith circles; and soon.

Alongside such activities, teachers could al so rai se questionsrel ating to therole of Mathematicsin society, for discussionwith sudentsand fellow teachers; e.g.,
questionsrel ating to the use of Mathematicsfor destructive purposes, or moregeneraly, "Whenisit appropriateto use Mathematics?*; or the question of why society
would want to support mathematical activity. After all, most artistsfind partrons or buyersfor their art work, but mathematiciansdo not sell theoremsfor aliving! Is
it that policy makersseefield to sustain themselves, by teaching or doing useful Mathematics? The notion of useful nesstakes usback to the question of appropriate-
ness of usage. Such questionsare not generally seen asfitting into aMathematicsclass, but thereisclearly aplacefor themin promoting aculture of discussonand

inquiry.
We need not try to makeacompletelisting here- itisnot possible, becauseitistoo largealist, and ever ontheincrease. Instead, wewith only to emphasize here
that pattern and play are curcial to theteaching of Mathematics, for pedagogic aswell aspsychological reasons.

A great opportunity islost when we make M athematicsinto aheavy and serious subject reserved for the highly talented, and done under an atmosphere of heavy
competition. It deniesthe experience of Mathematicsto so many.

Suggested Reading
1. http://fen.wikipedia.org/wiki/lshango bone
2. "Number, The Language Of Science' TobiasDantzig.
3. "TheNumber Sense: How the Mind Creastes M athematics' Stanislas Dehaene.
4.  http://en.wikipedia.org/wiki/History of Mathematics
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CultureintheL earning of Mathematics
— K. Subramaniam

At arecent workshop in Ahmedabad, we asked primary school teachersto talk about what their students do outside school, and whether it involves any
Mathematics. Theteachersspokealot. Their pupils, who camefrom poor urban homes, hel ped their parents sell vegetables. They made and sold kites, packetes
bindi, agarbathisand many other things. They knew the price of vegetablesfor different units, knew how much profit they would makefromsdlling a'kori* (unit of 20)
of kites. Kiteshad to be assembled from paper soldin packetsand sticks soldin bundles- al in different units. Problemsarose naturally whhile makin gdecisions
about how much raw material to buy, how much to makeand sell, how much timeto spend, and so on. Children, together with older siblings or adults, werefinding
their ownwaysof getting around these problems. And all thetime, they were dealing with numbersand M athematics.

Almost no school curriculum gives any placeto such 'everyday' Mathematics. At best there may be an attempt to add some contextual details
to enhance children's interest. Thus the Mathematics that children learn to do inside and outside school remain separate and disconnected.

It was not the childrentelling usthesethings, it wastheteachers. We asked them how they discovered that the children knew so much. They replied that when
the children absent themselvesfrom school, they visit their homesto find thereason. They talk to the parentsand often find that the child was hel ping them ™ perhaps
hawking vegetableswhilethe mother went on an errand. We were happy that the teacherstook painsto ensure attendance, but weasofelt alittle uneasy withthis
reply. When we opened theworksheets prepared for the chidlren - thischain of schoolsused their own worksheetsrather than aregular textbook - wedid not find
anything of what we had just heard about the children'slives. It struck usthat teachersfound out about the children's activities outside of the school, and not inthe
Mathematicsclassroom.

After somediscussion withtheteachers, werealized that they held strong beliefsabout what counts as'proper’ Mathematics. A problem used inaDutch study,
'If aplar bear weights 350 kg, about how many children weigh the sameasapolar bear', wasfor them not agood problem, becauseit did not haveall the dataneeded
to solveit. The problemsthat the children were solving outside school often had incomplete data, did not have aprecise single answer, and the children used not have
aprecisesingleanswer, and the children used informal methods of solving them. So theteachersdid not think that the children werered ly doing Mathematics. There
seemedto beaninvisiblewall separating the Mathematicsin school and the thinking and figurin gthat the children did in the context of economically productive
activities

Thisstory isnot an unusual one. Inmany poor urban households, children participatein economic activities. Inadifferent social or geographical context, if one
lookscarefully, onewill discover that heretoo children have opportunitiesto engage with M athematics outside school . Almaost no school curriculum givesany place
to such 'everyday' Mathematics. At best there may be an attempt to add some contextual detailsto enhance children'sinterest. Thusthe Mathematicsthat children
learn to doinsideand outs de school remain separate and disconnected. of course, thelarger issue hereisof therel ation between the school curriculumand lifeoutside
school. Since Mathematicsisan abstract branch of knowledge, one may think that thereislittle to be said about itsconnection with cultureand everyday life. Yet,
many researchershave studied therelation between 'everyday' and school Mathematicsleading to important insights.

Advocatesof congtructivism, following Piaget, stressthefact that children don't enter school swith empty mindswaiting to befilled - they have dready acquired
complex knowledgein the domainsthat overlap with school Mathematicsand science. Psychol ogi sts studying cognitive devel opment have constructed adetailed




picture of the spontaneous conceptionsthat children acquire. Thefirst waveof contructivismwas however criticised for focusing largely onindividual learning. The
criticism camefrom abroad range of perspectivesthat were more sensitiveto theinfluences of cultureand society. Theimplicationsof thesecritiquesaretill being
worked out by researchersand thinkersin the M athemati cs education community. Herewewill ook at some of theideasand possibilitiesthat haveemerged fromthis
debate.

The pioneering studiesof street Mathematicsby TerezinhaNunesand her colleagues, the anthropol ogica studiesby Geoffrey Saxe of the M athematics of the
PapuaNew Guineacommunities, thestudiesby FaridaKhaninthelndian context, and many other studieshave revea ed how Mathematicsarises spontaneoudly in
the context of everyday activity. These studieshave a so shown how everyday' M athematicsdiffersfrom school Mathematics. In everyday contexts, calculationis
‘oral’, and mostly uses additive build-up strategies. When an adult from the Mushari tribein Bihar was asked to give the cost of ten melonsif each melono costed
Rs.35, hedid not 'add azero to theright' to straight away get 350. Instead, hefirst cal cul ated the cost of 3 melonsasRs.105. Ninemelonswere Rs.315 and so ten
melonswere Rs.350. Exactly the same procedure was used to sol ve the same problem by aBrazilian child vendor in Nunes study. The'add zerototheright' strategy
isapart of ‘written' Mathematics, and isuncommon in everyday Mathematics. Proportion problemsare usually solved inthe everyday world through abuild-up
strategy rather than by using a'unitary method' or the'rule of three'. For example, consider the problem'if 18 kg of catchyield 3kg of shrimp after shelling, how much
catch doyou need for 2 kg of shelled shrimp? A fisherman in Nunes study calculated it asfollows: weget 1 1/2 kg of shelled shrimp from 9 kg of catch, so /2 kg
from 3kg of catch. Nineplusthreeistwelve. So 12 kg of catch would giveyou 2 kg of shelled shrimp.

Sincethese procedureswere oral, sometimes respondentsforgot to compl ete astep of the cal cultion, but the errorswere usually small and the ansersreason-
able. Nearly always, the cal culation model was accurate. In contrast, school children often use the wrong operation for a problem and produce unreasonable
answers. Cultureand cognition seem to work together in everyday Mathematicsto create arobust sense of appropriate modelling. When children are presented with
aproblem that they can understand, and are encouraged to find their ownway of solving them, we seethat their spontaneous sol ution procedures are often like those
of everyday Mathematics. Thesefindingshaveimportant implicationsfor teaching and learning M athemati cs. One canfor example, re-conceptualizelearning trgjec-
tories so that the problems, conceptsand procedures of everyday M athematics providethe springboard for more powerful mathematical concepts. Therich contexts
that arefamiliar to children provide va uable scaffol ding while solving aproblem, verifying that its solution isreasonable and looking at aproblem from different angles.

If weseecultura knowledgeasmerdly avehicleto ddiver forma Mathematicsthat isotherwise'difficult-to-swalow’, then wemay be adopting aview whichis
too narrow. We cannot s mply minewhat is present in the culture asaresourceto push aparticular curricular agenda. Putting cultural knowledge aongsideformal
knowledgeleadsus, aseducators, to reflect more deeply about their rel ation. We need to not only takefrom the culture sources of mathematical thinking, but dsogive
back to the culturewaht it valueshightly. Inthelong run, if aform of knowledgeisto survive and flourish, it must have degp rootsin the culture. We don't understand
well the meeting points between disciplinary knowledge and knowledgethat isdispersed aspart of culture. Issuch culturally dispersed knowledgeincommensurable
with the academic knowledge of the universities, as somethinkersin education have argued (Dowling, 1993)? Can thefamiliar dichotomiesof folk vsformal
knowledge, or traditiona vs. modern knowledge capture the rel ationshi p between the two kinds of knowledge?1n some domainsof knowledge, cultural dispersion
and transmission through formal institutions have both had astrong presence over long periods. A good exampleisclassical Indian music. Another exampleis
traditional medical knowledge, whichisnow reproduced through modern educational ingtitutions. Both music and medicineasformal systems preserve aconnection
tothediversity of cultura forms- to popular music or to the many loca and specific healing traditions. Much of the knowledge that we seek to impart in school has
no comparablecultural presenceor diversity of formsof expression.

M athematics may have deep rootsin our culturethat we are still to becomeaware of . Among some members of the Mushari community, thereisanimpressive
knowledge of mathematical puzzlesor riddlesand their solutions. These puzzlesare called 'kuttaka, which isthe name of amathematical technique, whose ol dest
descriptionisfoundintheAryabhatiyam of the 5th Centruy CE. The 'kuttaka isanimportant and powerful technique, whichled toimportant developmentsin Indian




Mathematics. Brahmagupta, in the 6th Century CE referred to algebrai c techniquesin general as'kuttaka ganitha'. The Mushari puzzles, whichinvolvethe solution
of equations, may preserveaconnection to thisdeeper tradition of Mathematics. It isintriguing that such knowledge existsamong acommunity whichisvery lowin
thesocia hierarchy. We need abetter understanding of the cultural transmission of mathemeatical knowledge between communitiesat different socia strata. Culture
can support thereproduction and circul ation of mathematical knowledge not just throughwork, but &l so, asthe puzzlesindicate, through play. Thereviva of traditiona
art formslikemusic and their reshaping through digital technol ogiespoint to the possibilitiesof connecting art and Mathematicsthat are till to be explored.

Viewing therelation between 'everyday' and formal Mathematicsthrough adifferent lensshowsthat political considerationsarealsorelevant. Asseveral writers
have argued, with the growing dependence on mathematical science of moderntechnological societies, thereisanincreasing withdrawal of Mathematicsto more
hidden layersdistant from everyday life. Not only isthe complex Mathematicsthat underliestechnol ogical devicesinaccessibleto alay person, but even everyday
commerce may become emptied of mathematical thinking. With reagrd to everyday finance, whichisrelevant to nearly everbody, technol ogy seeksto make
Mathematicsredundant. Calculators, EMI tablesfor loans, and other aidsfunction asblack-boxesthat replace reasoning and calculation. Thisresultsin deskilling,
and a so takesattention and interest away from the underlying Mathematics. Inasmall study that wedid, wefound profound lack of avarenessamong educated users
about how the credit card system operatesand such critical issuesasthe effectiverate of interest. Thustheincreasing mathemati zation of society isaccompanied by
the growing de-mathematization of itscitizens. Since Mathematicsis entrenched asan essential part of the school curriculum, it beginsto serveadifferent socia
function - that of weeding out large numbersfrom obtaining any accessto the Mathemati csand sciencethat decisively shape modern society.

Theemergence of small-scale producation activitiesasapart of theinformal sector, offersto poorer householdsameans of subs stence and res stance against
theharshimpact of changesin the organi zed economy. One cannot resist drawing aparallel inthelight of the discussion on de-mathematization. Againgt theincreasing
trend of de-mathematization, the emergence of Mathematics on the street or inthe workplaceisacounter trend that resi ststhe compl ete exclusion of the under-
privileged from Mathematics. Of course such emergence by itself has no power to provide accessto significant Mathematics. But theinstitution of education can
amplify thispossibility; bringing everyday Mathematicsinto the curriculum may preparetheway for bringing more Mathematicsto wider sectionsof society.
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Ten Great M athematicians
— H Subramanian

I ntroduction

Itisnot an understatement to say that there are essentially two subjectsto study, viz. language and M athemati cs. Everything el se becomes dependent onthem
eventualy. All of science, including management and socia sciences, borrow on Mathematical formulationsfor concepts. Thereasonissmple. A preciseand concise
expressionismade poss blewithintheframework of Mathematics. Actually, theabstract layersof certain structura behavioursareincreasingly becomingvisibleinthe
context of challenging problemsfromtimeto time. Inthisrespect, Mathematicsisal so taken asanother language - asymbolic one. Which Mathemeaticians can be
singled out to haveinduced thistransformation?

Onapersond note, let menarratean event. | was presenting aresult asaPh.D. student in Madurail to avisiting renowned M athemati cian Nathan Jacobson from
yaleUniversity, USA. Helistened and finally asked atwo-word question " Then what?' | wastotally nonplussed. L ater, | found an eye-opener in hisquestion. If a
resultjust closesasanissue, itisnot bigdedl. If itleavesadoor openfor further thoughts, itisagrest contribution. Which Mathemati cians can berecognized using
thisscreener?

Therearesevera worthy namesto consider. It isahard choiceto select just ten personsin the history of Mathemati cswho haveinfluenced itsdevel opment and
changed the perception of the subject over time. My personal choicesare Euclid, Fermat, Newton, Euler, Lagrange, Gauss, Cauchy, Riemann, Hilbert and thenom
deplume Bourbaki. Thereare several geniuseswho have missed the hit list. One may wonder why | have not included, say, the German physicist Albert Einstein
(1879-1955), the Russian M athematician Andrey Kolmogorov (1903-1987), the Indian M athematician Srinivasa Ramanujan (1887-1919) or someancient Indian
Mathematicians. Eingteinwill find hisplace asone of theten great physi cistsashe changed the perceptin of physicsby hisrdativity theory. K olmogorov isrecognized
asthefounder of axiometic probability theory influencing alot of stochastic methods; but hedoesnot spell astructurd influencein Mathematics. Ramanujanisoutright
marvel ousfor hisstrong intuitive contributions; however thisgenius does not spur achange of perception of Mathematics. Astherewill beaseparatearticleon
ancient. Indian Mathemeaticans, | am not considering them.

L et metake up theten casesnow. | have chosentolist themintheorder of theyearstheylived. In my opinion, thefollower inthelist was, at least indirectly,
influenced by thework of the earlier ones.

It isnot thefinal result of Fermat's Last Theorem by itself that is great; but the techniques that have been developed to get a correct proof
for it makes it stupendous.

1. Greek Mathematician Euclid (around 300 BC)

Thefirst axiomatic treatment in Mathematicswas started by Euclid. Hisstructure of proofsin geometry based on postul ates about pointsand linesisamajor
conceptua contribution. Hisdivision algorithm for natural numbersisthe most used one and the general Euclidean domainsin future M athematics emerged on that

principle.




Itisimportant to assess Euclid'sachievementsin the historic context of what was percelved asM athematics before histime. It wasafolklore understanding that
itisal about practical computationsin arithmetic and measurements of geometrical objects. Sincearound 1700 BC, numerical, al gebraical and geometrica methods
areattributed to Babylonian Mathematics. L ater, alevel of practical arithmetic and mensuration developedin Egypt and Italy. Much later approximately inthe 7th to
6th centuries BC, we recognize the Greek Pythagorus and his contributionsto geometry. Further on, Hippocratesiscredited for circular arcsand areas; and, the
logical thinking Zeno (remember his paradox!) introduced the concept of divisibility intoinfinite parts. During 430-349 BC, Plato's directionsinto philosophy
dominated the conceptual frame of thought. Aristotle (384-322 BC) overlapped Plato'stimewith hissay informal logic and a gebraic notation. By early 4th century
BC, ideasof irrational numbers, geometric formulation of areas, a gebraic procedures and even integration took roots.

It was Euclid's Elements (see Heath [Heab6] ). A ppollonius's conics and ArchimedessAnalys sthat has been recognized as serious M athematicsfor centuries.
The condification of geometry can beattributed to Euclid. We can say that Euclid, Archimedesand A ppollonius made one great age of Mathematics.

It must be said that arelevant and practical M athemati cswas persented in abstraction by Euclid. Such abstracting process has gained currency to transform
Mathematicsto unbelievablelevelsover time.

Descriptive geometry as well as algebra dominated the thinking during the first few centuries of AD. Menelaus, Ptolemy and Pappus devel- |
oped synthetic geometry and Diophantus carried the banner of algebra, influenced by the Oriental thought.

From time immemorial to around 12th century AD, the growth in Mathematical thinking can befelt in terms of (i) computational arithmetic
transforming to algebra and (ii) measuring geometrical entities (including studies in astronomy and spherical trigonometry) changing to the
synthetic version of geometry like the ingredients of projective geometry. What happened during the next 400 yearsin mostly unknown. It mostly
pertains to the contributions by Indians, Arabs and Greeks passing into the western world of Europe.

Asit happened later in history, geometry went beyond Euclid's postulates. Geometry, as learnt today, isenmeshed in algebra. The key wasthe
coordinatisation of geometry. The credit for this goes to Rene Descartes (1596-1650) (see Descartes [Des37]). For the next 200 years, significant
achievementsin Mathematics were focussed mainly on number theory and analysis. But Riemannian geometry (1894) brought another realm of
geometric focus. Some other developments in geometry happened in the 19" century. Along with some significant revelations in foundations
through set theory, a thought provoking model of non-Euclidean geometry surfaced. The Russian Mathematicians Nikolay | vanovich Lobachesky
(1792-1856) and the Hungarian Mathematician Janos Bolyai (1802-1860), during the years 1826-1823, questioned Euclid' s parallel postulate and
obtained the geometric models without this postulate.

2. French Mathematician Pierre de Fermat (1601-1665)

Fermat wasthe great number theorist. Without going into all hiswork, especially on prime numbers, let usonlyh touch upon hisremarkable scribbling inthe
margin space of hiscopy of the book by Diophantus. He mentioned that the space wasinsufficient to write his proof about theimpossibility of anonzero integer
solution of the diophantine equation x" + y" = z" for n> 3 unleashed asignificant trend thereafter in number theory and algebrato unravel hisintended proof. Thisis
familiarly known asFermat's L ast Theorem. The German Mathematician Emst Kummer (1810-1893) gave afalse proof of thisresult based on amistaken under-
standing of acertain factorization of x"+ y" asirreducibleand unique. But he corrected his mistake soon and laid the seed for themodernideal theory inrings.




Many other Mathematicianslike Euler, the French Mathematician Adrien-Marie Legendre (1752-1833), the German M athematician Johann Peter Gustav
LegeuneDirichlet (1805-1859) and Cauchy tried in vainto reconstruct the apparent proof that Fermat might haveintended. They succeeded only onthecasesn=2,;
4; 5 of Fermat's Last Theorem. With the advent of computers, most sophi sticated computer methodswere harnessed to verify thisresult; but they did not succed.
Fermat'swork wasactually published posthumoudly intheyear 1679. A settlement on thisissuetook about 400 years. Werefer to Edwards[Edw77] and An drew
Wiles[Wil95] to appreciate the vast real m and technicality of Mathematicsthat it createed on thismatter.

Itisnot thefinal result of Fermat'sL ast Theorem by itself that isgreat; but the techniquesthat have been devel oped to get acorrect proof for it makesit
stupendous.

3. British Mathematician Sir 1saac Newton (1643-1727)

Newtonwasthemost origina contributor among the 17th century Mathematicians. Thebinomial theorem for rational exponentsledtotheideasof infiniteseries.
Obtaining areas by the method of summation of infinite subtparts can be attributed to many people, Archimedes onwardsto the British Mathematician John Walls
(1616-1703). Theideaof differentiation goes back to the French Mathematician Blaise Pascal (1623-1662), whoiscredited also for theinvention of digital
caculators. Inthisbackground, both Newton and the German M athematician and philosopher Gottfried Wilhelm Leibniz (1646-1716) attempted thefundamental
principleof calculus, viz. theinverse process of differentiationisintegration. Leibniz got to cal culusindependently during 1673-1676 from theworksof the British
M athematician | saac Barrow (1630-1677) and Pascal. Newton got to calculusfrom theideas of histeacher Barrow aswell as Fermat and Walls. Both Newton and
Leibniz were unableto establish cal culuson sound logical basis. Newtonincluded in hiswork (see Newton [New87]) ashort offhand explanation of calculus. This
wasthegrestest of all scientifc treatises; init can aso befound the grestest of scientific treatises, init can aso befound the grestest of scientific generdizations, viz.
thelaw of gravitation. Newton'saim wasto understand nature.

Newton later on explained hiscalculuson rates of change. In this process, he used the binomial theorem for integral exponentsand generalized the samefor
rationa exponents. Leibniz used theideaof infinitesmally small differentia's, denoted by dx and dy and tried (unsuccessfully) to explain hismethod intermsof sums
and quotients of these. We are using thisnotation even today. Themethod of differentialsbecamethe mainspring of Mathematical devel opement duringthe course of
18th and 19th centureisAD. Leibniz'sinfluence on the European continent wasfar greater than Newton's. Continuity of functionswasan intuitively accepted
phenomenonintheearlier roundsof thinking. Fortunately for the progress of Mathematics, Newton and Leibniz took for granted that all functionshavederivatives.
It wasdifficult enough to obtain an acceptable notion about it. To thedifferential cal culusthusdiscovered was added the opposite contruction of theintegral calculus,
andthework of Archimedeswasbelatedly rediscovered. After sometime, it wasrealized that certain functions might be represented by power seriesalso. Mechanics,
evenfor Newton, led to considering functionsasintegrals of differential equations. Theinfinitesimal geometry of curves, extended to surfaces, demanded the
introduction of equationswith partial derivatives, necessary also for mechanics of vibrating cords. A study of periodic phenomenaled to the consideration of
trigonometric series. Theorigina classic by the French Mathematician Jean-Bapti ste-Joseph Fourier (1768-1830) (see Fourier [Fou22]) containsthebasicideasin
thisregard, although with no rigour. Thuseach forward step in M athematics engendered, by achain of creations, theintroducation of new entitieswhich were used
astoolsfor other studiesand other creations.

Newton's contribution changed theface of both Mathematicsand physics.
4. Swiss athematician Leonhard Euler (1707-1783)

TheBernoulli family from Switzerland, running through mid 17" century to late 18" century, werefired with enthus asmfor dirrerentia ca culus. Euler was Johann
Bernoulli'sstudent. He, in histrestise (see Euler [Eul48]), brought the concept of function and infinite processesinto andysis. Euler wasoneof thefoundersof calculus




of variationsand differential geometry. Both aregpplicationsof differentia calculus, to casesin which afunction dependson another function or curvein calculusof
variationsandto genera propertiesof curvesand surfacesin differential geometry. After Fermat, Euler wasthegreatest number theorist. The Euler totient function has
itsclaim of importancein number theory. It extended aFermat result on prime numbersto nonprime numbersalso. Euler'sformulain radicalsfor quartic equationsis
thelst such casebecause Abel proved later that it isimpossibleto obtain such formulasfor fifth and higher degrees. Hismethod of exeraction of squarerootsmodulo
primenumbersand continuation of certain work by Fermat isanother contribution that led Gaussto exploresitll further. He made stridesinto continued fractions. In
1779, he also posed acertain conjecture on orthogonal Latin squares; but it took nearly 200 yearsto prove Euler wrong (see Parker [Par59} and Bose, Shrikhande
and Parker [BS59] & [BSP60]). Hiscalculusof quotientsof qualitative zeroes and operating with sumsof divergent seriescreated furore. Euler also contributed to
Mathematicd physics.

While Greeks put everything sdeby side, all apectsof real numbersdid not mergewith the Greek heritage. Whilethisisso, it seemsthat thelater devel opments
from the beginning of 17" century happended through aperception of compelling need to expand, analyze and rationalize various aspectstogether. Euler isto be
credited for hiswide-spread contributionsin Mathematics, though hewas seen to lack soundnessinlogical foundations. After Newton and Leibniz, the pioneering
18th centruy MathematicianwasEuler.

5. Italian-French Mathematician Joseph-Louis Lagrange (1736-1813)

Borninltaly, Lagrange had acarrer in Prussaand later moved to France. Inthe context of the French Revolutionary period, we notethe establishement of Ecole
Polytechniqueintheyear 1794. Lagrange and Pierre-Simon Laplace (1749-1827) wereitsfirst teachers. Lagrange's contributionisin avariety of subjects- algebra,
number theory, analysisand mechanics. Hisinterpol ation formulaisone of the most gpplicatbleresultsin numerica anayss. Theresult ingroup theory knowntoday
as"theorder of aneement inafinitegroup dividesthe number of e ementsinthegroup™ isattributableto hiswork extending Euler's congruence (see on the preceding
page) that absorbed Fermat's congruence. He continued Euler'swork on continued fractions. He discovered arulefor existence of multiple rootsof apolynomial
based on the grestest common denominator of the polynomia withitsderivative. Heisthe cofounder, with Euler, of calculusof variations. In hisworks(seeLagrange
[Lag88] & [Lag97]) on mechanicsand andys's, he usesdeductivelogic to bring mechanicsin theframework of rigorousMathematical andysis. Lagrange'stheory of
functions, the graphical representation of complex numbersobtained in 1813-1814 by the Swiss Mathematician Jean-Robert-Argand (1768-1822) and theimagi-
nary period of eliptic functionsexplained by Abel intheyear 1824 |ed Cauchy to the so-called integral theorem continuation of Euler with adifference. He brought
alevd of abstractionthat paved asmoother path for future Mathematicians.

6. German Mathematician Carl Friedrich Gauss (1777-1855)

Gausswas oneof thefirst to feel the need for rigour in Mathematics. Intheyear 1796, at the age of 19, he studied the Euclidean constructionsin geometry;
arrived at the notionsof contructible numbers; and, created asetting for al a gebraic numbersof certain typesto be considered. The phrasesused today like Gaussian
integers, Gaussian channel acknowledge hisremarkable contributionsin related areas. In 1799, he proved that every polynomia equation with complex coefficients
hasaroot. Intheyear 1801, he contributed (see Gauss[ Gau01]) to number theory intermsof theory of congruencesand quadratic reciprocity; these areenormously
sgnificant results. Hisquadratic reciprocity |aw enabled many numerica calculationswithout effort. He conjectured that for infinitely many primenumbersp, p-listhe
least number suchthat p divides10°* - 1. Thisconjectureisstill unresolved. He provided the basic result, known today as Gauss L emma, that enables construction
of uniquefactorization domains. He contributed (see Gauss[ Gau28]) to differential geometry expl oiting the parametric representations.

Itisoftenthe casethat seriousresearcherstoday |ook backwardsto Gaussfor inspiration. Another reason for themto do thisisto make surethat thisgiant has

not aready introuduced their idess.




7. French Mathematician Augustin Louis Cauchy (1789-1857)

It was Cauchy who succeeded inintroducing clarity and rigour. Hewas "forced to accept propositionswhich may seemalittle hard to accept; for example, that
adivergent seriesdoesnot haveasum". Heintroduced, with precision, the necessary definitionsof limit, of convergence, and thusmade possible, inashort time, grest
advancesin areaswhich had beenfindly clarified.

Actually at the beginning of 19" century, Cauchy closed one period inthe history of Mathematics and inaugurated anew one which would appear to beless
hazardous. He ruthlessly tested the product of three centuries, establishing an order and arigour unknown before. Herejected astoo vague the habitual appealsto
"generadity of theanalysis' and determined the conditionsof validity of statementsin analysiswith rigorous definitionsof continuity, of limits, of different sortsof
convergences of sequencesor series, which he provided. Inthe early 19" century, Abel described the state that Mathematicswasin when he entered it thus:
"Divergent seriesare completely aninvention of thedevil, and it isadisgracethat any demonstration should be based on them. One can draw from themwhatever one
wisheswhenthey are used they arethe onesthat have produced so many failures and paradoxes. Even the binomia theorem hasnot yet beenrigoursy demonstrated.
Taylor'stheorem, the base of all higher Mathematics, isjust as poorly established. | havefound only onevigorousdemonstration of it that of Cauchy.”

Intheyear 1825, Cauchy proved thewell-known integral theorem of complex functions. At the corefoundation level, he offered aconstruction of thereal
number system. Also constructed thereal number system. Much later intheyear 1895, the German M athematician George Cantor (1845-1918) formulated (see
Cantor [Can95]) thetheory of setsand introduced how to reason in aframework. In doing so, hejustified Cauchy's construction of real numbersto bethesameas
two other versions created by the German M athematicians Richard Dedeking (1831-1916) and Kari Weirstrass (1815-1897). Werefer to the compl ete works of
Cauchy in[Cau74] for hisdetailed contributions.

We can say that Cauchy and Cantor started the age of reason. It is Cauchy who laid the strong foundation of M athematics by insisting onlogical reasonsto
prevail at every level.

8. German Mathematician Georg Bernhard Riemann (1826-1866)

During themid-19" century, Riemann ruled the devel opment of future M athemati cs beyound theimagination of othosetimes. Oneof hismasterpievesof work
iscomplex function theory. Hisgeometricintuitionin complex analysisintermsof conformal mappingsand the so-called Riemann surfaces, hismethod of handling
differentia formfor arclength, curvaturetensor etc. (intheyear 1854) involving ideasfound useful and essential later in general relativing ideasfound useful and
essentid later ingeneral relativity and hisconjecture (intheyear 1859) that istill unresolved going by the name Riemann Hypothesisand which hasunleashed an
unsurpassed level of Mathematical developements- al these quaify him asthe undisputed master and genius.

Riemann'sHypothesisremainsoneof themost intriguing conjecturesin al of Mathematics. Itisdifficult to describeit without goinginto someMathematical
vocabulary. It statesthat all the nontrivia zeroesof acertain complex - valued function of acomplex variable, described intermsof aninfinite series, must havered
part eugal to 1/2, Thesubject matter of thisunresol ved conjecture hastriggered va uableresearchin analytica numberstheory and complex function theory. Riemann
Hypothesisisstill unproved. But serveral thousandsof zeroeshave been verified tofal in place by use of computers.

The Riemann Hypothesis, if found true, woul d have enormous consequencesin number theory. For instance, it would establish abetter handle on the nature of
distribution of prime numbers. No onewould have thought about aconnection between prime numbersand analytic functions.

Werefer to Riemann'sworks (see Riemann (Rid90]). Wea so refer to Laugwitz [Lau99] to find how Mathematics changed since Riemann.




9. German Mathematician David Hilbert (1862-1943)

The German Mathematician David Hibert (1862-1943) provided the steering whed for most of the Mathematical devel opmentsduring the 20" century by his
23 famous problems presented in hisaddressto Second I nternational Congressof Mathematiciansat Paris(see Brouder [Bro76]). The surgeinideas contributed by
these problemswas huge. Though these challenging problems devel oped furture M athematicsto agreat extent, some of hisexpectationswerebelied | ater. A notable
onewashisown student Godel'sresult (see Godel [Go40]) inlogic proving that arithmetic cannot be s multaneously consi stent (meaning both astatement and its
oppisite cannot betrue) and complete (meaning either astatement or itsoppositeistrue); that was contrary to Hibert'sintuition. Hilbert's contribution, in the year
1906, to thetheory of infinitedimensional spacesisimmense. Hilbert isremarkablefor hisconceptualizatin of certain earlier trend - setting problems. In the second
half of 19" centrury, problemsin electrostaticsand potential theory led to astudy of integral equations. Intheyear 1877, the United States M athemati cian George
William Hill studied matricesof infinite size rel ating them to perturbation theory of lunar motion. And, intheyear 1900, Ivar Fredholm discovered the algebraic
analogue of thetheory of integral equations. Henri-L eon L ebesguelaid the ground work with measure theory for the later contributions by Banach and Frechet to
generdizeHilbert'swork. Intheyear 1922, the Austraian - Hungarian (later territorially Polish) Mathemati cian Stefan Banach studeied the aspectsof "geometrizing”
the spaces. And the French Mathematician M aurice-Rene Frechet, in theyear 1928, generalized these further. Hilbert's contributionsin commutative algebra,
diophantineeugations, number theory etc. areequally noteworthy.

Hibert'slist of problemskindled so much of research activity during thefirst five decades of 20th century that thispeirod isknown asthe golden age of
Mathematcis.

10. Nicolas Bourbaki (1935-continuing)

A group of Mathematicians (mainly French) go together under this pseudonym. Nicolasrefersto an ancient Greek hero from whom aFrench General Charles
Soter Bourbaki apparently descended. When Andre Well was afirst year student in Ecole Normale Superieur. He attended alecture by asenior student, who
mockingly presented fal setheoremsand attributed them to various French generals. Thelast and most ridicul oustheorem was named after thisBourbaki. Andre Well,
Henri Cartan, Claude Chevalley, Jean Dieudonneand afew others, all young under 30 years of age, were passionateto bring about changesin future currinulum of
Mathematics. Their thought wasto publish booksfrom aconceptua and fundamental standpoint. Theideaof aforumwasbornand it wasnamed after Bourbaki, with
humour intended.

Thefirst Bourbaki Congresswasin theyear 1935. Thegroup decided on certian rulesfor themsel ves. Membershipislimited to 9. Each member would retire
at theageof 50. They would meet three or four timesayear, each timefor aweek or two, for atotal discussion onthevariousprojects. All membersshould participate
to the same extent that amember isexpected to. They should use only axiomatic framework and structural classification of Mathematicsto writethebooksthat are
agreed to bewritten. No references could be cited other than aBourbaki book inline. Everyonewould prepare apresentation of atopic or achapter for the book
and al otherswould discussthematerid in entirety. Together they would arrive at thefinal version. Thereisno authorship and the publishingwill go under thename
Bourbaki. Bourbaki'saim wasto publish high-classtext-books quickly. Thetarget size of abook was about 1000 pagesrunning into approximeately 10 chapterswith
thetarget time set for about 6 months. Their initial list of booksis:

a) Book I. Set Theory
b) Book I1.Algebra




c) Book I11. Topology

d) Book IV. Functionsof OneReal Variable Variable
€) Book V. Topological Vector Spaces

f) Book VI. Integration

The project moved dowly; only certain chapterswere completed by 1942 because of World War 11 and membersgoing abroad. Roger Godemont, Jean-Pierre
Serre, Pierre Samuel, Laurent Schwartz, Samuel Eilenberg wererecruited asnew members. By 1958, the bookswere compl eted. By then, somefounding members
stedpped down and Alexander Grothendieck, Serge Lang, John Tatejoined.

Meanwhile M athematics had grown to aconsi derabl e extent, also owing to theinuence of Bourabaki. Membersfelt that they were not universal Mathematicians
tojoinindl thebook projects. However, the decision of Bourbaki wasevenif not universd, their interest to participatein that, everything was mandatory. No membre
could stay ontheprincipleof their speciality contribution only. About therigidity of linear order of arrangement of thetopicsin books, compromisewas madethat an
organic devel opment woul d be acceptablewithout disrupting the unity of Mathemati csand structural aspects. Theearlier six books needed revisions so new projects
could build onthem. Bourbaki carried out these and a so compl eted by the year 1980 quite afew chaptersin three more books, viz.

a) Book VII. CommutativeAlgebra
b) Book VIII. Lie Groupsand Algebras
¢) Book IX. Spectra Theory

Yer another one (Differentia and analytic varieties) completed by Bourbaki wasjust asummary of resultsand nto afull exposition of thougths. It wasjust to help
the organization of other books.

Thevarioustitlesof Bourbaki booksgiven herearewrittenin English. Actually, thetitlesand thework werein French. Thefirst 6 bookswerelater trand ated into
English by Bourbaki.

Bourbaki a so publishes severa survey articleson advancede topicswith their interntion to reach out these topicsto nonspecialists. Thesetitlesemerge after
intensiveseminarsheld frequently.

Bourbaki certainly set standardsfor what aprofessional M athematician should know. They brought out books aimed astext-books but they aremorelike
reference books or encyclopedia-cum-treati se-cum-monograph or whatever. What will be thefuture of Bourbaki?Will their book porjectsdie?Will their seminars
and publicationstake over themain Bourbaki engagement?Will specidistsonly prevail under Bourbaki banner? Thebasic starting reason for Bourbaki istheunity of
Mathematics. History showsthat survival.

Conclusion

Likel saidinthebeginning, language and Mathematicsaretheonly two sujbectsthat are characteristically fundamentd . Through them, we can handlewhatever
appropriate expressions are needed to convey ideasin essence (abstraction) and lead these ideasto explore further thoughts (concretisation). They have become
essentia andirreplaceableinour daily life. The sdlected Mathematiciansinthisarticle haveamply fortified thisand madefutureembellishmentsadistinct possibility.
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